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 Summary of Lecture 2

 Properties of Exponential and Geometric Distributions

 Properties of the Poisson Process

 Steady-state solutions to DTMC and CTMC

 State Transition Rate Diagrams

 Applications to M/M/1,M/M/1/N,M/M/m,M/M/∞,M/M/m/m Queues

 Performance measures for M/M/1, M/M/∞, and M/M/m Queues

Outline of Lecture 3
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 DTMC: 

• Specified by

 CTMC:

• Specified by
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• Unconditional probabilities

Summary of Lecture 2
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 Questions:

• What are the properties of exponential density & Geometric pmf ?

• Since inter arrival times of a Poisson distribution are exponentially 

distributed, what are the properties of Poisson process ?

• Is there a general way of looking at arrival and departure processes? 

…. Renewal processes

• When does steady-state solutions exist for DTMC and CTMC?

• Are there simple ways of visualizing state transitions? 

• How to analyze simple queues ?

Issues Addressed in Lecture 3
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 Properties of Exponential pdf and Geometric pmf

a) Memory-less Property:  

Suppose that we have already spent in state i for  r time units   (k steps).
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Implication: Suppose    denotes the time to failure of a component. Result says 

that if the component has lasted until time r, the distribution of the remaining 

(residual) time Y=    -r is the same as the time to failure of a new component.       

If  the time to failure is exponentially distributed, then a used component is “as 

good as new”.

b) Hazard Rate:

Hazard rate is a constant
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Markovian property (e.g., Poisson)

Exponential density Constant hazard rate

Exponential Density and Geometric pmf -2
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c) Among all the densities having the same mean, exponential density has                

the largest entropy.
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Exponential Density and Geometric pmf - 3
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d) Suppose have n independent random variables                  with parameters                                 

, respectively. Then
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e) Suppose have n independent random variables                  with the same 

parameter     . Then
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Proof:

Exponential Density and Geometric pmf - 5
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Application:

Pdf of the time until  mth
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a) Merging of Poisson Processes results in a Poisson Process

Poisson Stream

With rate
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Properties of Poisson Process - 1
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b) Splitting or Decomposition of a Poisson Process
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Properties of Poisson Process - 2

Splitter
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c) Conditional  Distribution of the Arrival Times
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Properties of Poisson Process - 3
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d) Poisson pmf is a Special Case of Binomial pmf
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Properties of Poisson Process - 4
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 Suppose                           are i.i.d. nonnegative random variables (not

necessarily exponential).   
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 Suppose are i.i.d. exponential random variables],,,2,1,0:{ i
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 When does steady-state solution to pQpPp TT  0&

We need n-step transition probabilities. Let
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Steady-state Probabilities -1
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 First Passage Probabilities and  Recurrence Times
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 Further classification of Markov-chain states

• If the return to state j occurs only at  γ,2γ,3γ,… (γ >1),

then state j is periodic

• If γ =1 for state i,                  then it is said to be aperiodic 

Steady-state Probabilities - 2
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 Examples:

Examples of State Classification - 1
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 Examples:
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 Examples

• Poisson Process
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• Non-homogeneous Poisson process
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State Transition Rate Diagrams - 1
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• State-dependent birth process
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• Birth-death processes: Forms the basis of all Markovian Queuing systems

Server
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State Transition Rate Diagrams - 2
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 B-D processes model a wide variety of Markovian (exponential) queues

1) M/M/1 Queue M ~ Poisson arrivals or exponential inter-arrival pdf

M ~ exponential service demands

1 ~ single server
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3) M/M/m queue m server case Model of a circuit

switch-Queued mode
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5)  M/M/m/m modelBlocked call loss system or Blocked calls cleared (BCC)
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6)  Engset model    (M>N)  M/M/N/N/M queue
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7) Machine Repairman model….forms the basis of closed networks

M/M/1/N/N queue
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 Once the distribution is known, we can obtain a variety of performance

measures
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1. M/M/1 Queue
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1. M/M/m  Queue
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 Probability of Queuing, PQ
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 Higher Moments of Queue Length
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 Properties of Exponential and Geometric Distributions

 Properties of the Poisson Process

 Steady-state solutions to DTMC and CTMC

 State Transition Rate Diagrams

 Applications to M/M/1,M/M/1/N,M/M/m,M/M/∞,M/M/m/m Queues

 Performance measures for M/M/1, M/M/∞, and M/M/m Queues

Summary of Lecture 3


