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 To fit a parabola to the scalar function of a, g(a) = f(xk + adk), we need 

three pieces of information, e.g., values of g at three points

• Suppose have function values at a1, a2 and a3  g(a1), g(a2) and g(a3)

• How to get them later.  Recall that golden section search also needs it! Suppose

• Since a parabola aa2 + ba + c is parameterized by (a, b, c), we have

• Minimum of a parabola is achieved at          so that

Quadratic Interpolation: Basic Ideas
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 Two cases can occur

• Case 1:
2a a

g(a)
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Three point pattern: 
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Quadratic IntrpolationSetting up Next Three Point Pattern: Case  1
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• Case 2:

• Note that if                        , then a special local search near      should be 

conducted to replace      by a point       with                       .

• Terminate the computation when the length of the three point pattern is 

smaller than a certain tolerance  a2 → a* and |a3 - a1| shrinks. 

Typically require |a3 - a1| ≤  |a2|,   .01 ~ .0001
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Setting up Next Three Point Pattern: Case  2
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 How to pick an initial three point pattern (or equivalently, the initial 

range)?

• Need

• Procedure
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Initialize z0 = 0,    = increment,   t > 1 increase ratio (e.g., 1.618)

z1 = ,  i = 1

If   g(z1) < g(z0)   then 

Do while   g(zi) < g(zi-1) 

i = i + 1

zi = z0 + t i-1
End Do

Three point pattern: 

Else

Do while   g(zi) > g(z0) 

i = i + 1

zi = z0+(zi-1 – z0)/ t 
End Do

Three point pattern: 

End If
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Setting up Initial Three Point Pattern - 1
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• Illustration

• Note that if take t = 1.618, ideal for golden section search. 

g(a)

z0 z →

1 0( ) ( )g z g z

z1 z2 z3 z4

g(a)
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1 0( ) ( )g z g z

z0 z3 z2 z1

Three point pattern Three point pattern

Setting up Initial Three Point Pattern - 2
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 Picking :   two methods

• Pick a*. Suppose have g(0), g(0) and g(0), then we can fit a parabola

• Suppose have access to g(0) and g(0) only, then pick  to obtain a 

specified decrease in function value (e.g., 10 ~30%)

•

•
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 Convergence Analysis of Quadratic Fit

• Define the errors

• As k  ,   must be a polynomial function of e1, e2, e3. Must be second 

order since quadratic fit.       0 if any two of e1, e2, e3  0.  Must be 

symmetric

• As k  

characteristic Eqn : z3 – z – 1 = 0  r = 1.33
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Convergence Analysis
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 Combining Golden Section Search and Quadratic Fit

• Set up the three point pattern using t = 1.618, zi = z0 + ti-1

• Use golden section search to reduce the interval [l1, r1] to 

• Use the quadratic search procedure to reduce the interval by a factor of  

PQ (PQ = 100-1,000)
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Hybrid Golden Section & Quadratic Interpolation
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 Combining Armijo Step Size Rule and Quadratic Fit
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Combined Armijo & Quadratic Interpolation
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Convergence of Generalized Gradient Method - 1

 Convergence Analysis of the generalized Gradient Method

• Consider the generalized gradient method 

•

• How fast does it converge to a local minimum?…speed or rate of 

convergence 
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( ), Diagonal Scaling
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• Let us consider a quadratic object function.  Why quadratic?

•

* * * *T 21
( ) ( ) ( ) ( )( )

2
f x f x x x f x x x    

Recall most functions can be approximated by a quadratic function

near minimum

constant a quadratic surface

Convergence of Generalized Gradient Method - 2
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Convergence of Generalized Gradient Method - 3

*
( )kk

T T

kk k k k

T T

k k kk k kk

g Q x x

g H g y y

g H QH g y L y

 







Copyright ©1991-2009 by K. Pattipati15

2
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Convergence of Generalized Gradient Method - 4
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min max1 11
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Convergence of Generalized Gradient Method - 5
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Convergence of Generalized Gradient Method - 6
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Convergence of Generalized Gradient Method - 7
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 Example: 2 2
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Zigzagging Behavior of Steepest Descent - 1
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Zigzagging or hemstitching behavior typical of steepest descent 
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Also, 1 will generally work with Armijo step size rule
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Zigzagging Behavior of Steepest Descent - 2
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 Gradient Related

Stopping Criteria - 1

*
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 Variable Related Test

 Put a limit on max number of iterations

 Put a limit on maximum step length

 Function related

Stopping Criteria - 2
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2 2 2 2

2 1 1

2 2 2
2 2 1 2

01 2 4

1 1 2

Some Test Examples:

1. ( ) 100( ) (1 ) Rosenbrock's Banana Function

opt. (1,1)

start at ( 1.2,1)

2. Gear train inertia problem

1 100 1
( ) [12 ] ; (.5,5)

( ) 10

3. Wood's functi

f x x x x

x x x
f x x x

x x x

   



 
    

2 2 2 2 2 2

2 1 1 4 3 3

2 2

2 4 2 4

2 2 2 2

1 2 1 2

on 

( ) 100( ) (1 ) 90( ) (1 )

10 1[( 1) ( 1) ] 19.8( 1)( 1)

4. Himmelblau function

               ( ) ( 11) ( 7)

        5. Also see pp. 47, 53, 79 of Bertsekas

f x x x x x x x

x x x x

f x x x x x

       

       

     

' book

        6. Lot of test functions on the web

Some Test Examples 
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 More Test Example From

• R. Sargent and D.J. Sebastian, “Numerical experience with algorithms 

for unconstrained minimization”, in Numerical methods for nonlinear 

optimization, F.A. Lootsma, Academic, 1971

• Crowder, H., R.S. Dembo and J.M. Mulvey, “On repenting 

computational experiments with Math software”, ACM trans on Math 

software, vol. 5, no. 2, 198-203, 1979

• Carpenter, W.C. and E.A. Smith, “Computational efficiency in structural 

optimization”, Eng. Optimization, vol. 1, no. 3, 169-188, 1975

• Miele, A. and S. Gonzalez, “On the comparative evaluation of 

algorithms for math programming problems”, in NLP III, Mangasarian, 

Meyer and Robinson, eds, Academic, 1978, 337-359

• Shanno, D.F. and K.H. Phua, “Numerical comparison of several variable 

metric algorithms”, JOTA, vol. 25 no. 4, 507-518, 1978

• Find some more references on the web!!!

References for Test Examples
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Summary

 Quadratic Interpolation

• Super-linear convergence

 Combined Golden Section and Quadratic Interpolation

 Combined Armijo Rule and Quadratic Interpolation

 Convergence of Generalized Gradient Method

• Larger the condition number, slower is the convergence

• Scale the gradient so that condition number is close to 1 to 

improve convergence

 Stopping Criteria


