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(l Outline of Lecture 6 l

d Quasi-Newton (QN) Methods
d  Motivation from Quadratic Functions

O Square-root Implementation
« Davidon-Fletcher-Powell (DFP) & Broyden-

Fletcher-Goldfarb-Shanno (BFGS) versions
Relation to Kalman Filtering with Perfect Observations

 Properties of QN Methods
Quadratic Termination

Convergence Properties
Scaling
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L Incremental Methods for Neural Networks
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' (| Quasi-Newton Methods - 1 |

O We want to look at a class of algorithms of the form:
%1 =% —aH 9, 9, =Vi(x)
H, ~ [sz (%, )]_1 = Newton is fast, but requires Hessian
H, ~I = SD

! T
<9k o gk—l) gk d _ |:| C—Ik—lgk—l
T Ua="| 1~ T g

(gk__9k4) gk4 9k4_w4
B2 =9k~ Yk

H, not symmetric, but can be made symmetric. See Shanno in M. of OR (1978)
O Key Question: Can we buildup H,>H, >H, —>...—>H, —>[v2f (X, )]’1

without explicitly computing the Hessian?

Essentially an extension of secant approximation to second derivatives:

d*f _(df /ax) |, —(df /o))
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2 to higher dimensions.

dx* X, — X,
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(I Quasi-Newton Methods - 2 |

Sometimes we may want an approximation to Hessian
B, >B —>..»>B, > V*f(x)
Let us recall the requirements on H, and B,

1. H isPD (or)H, >0 B >0

2. H, symmetric= H,=H < > B, =B/

3. Finite termination on quadratics guadratic termination
4 H [V (x)] B, ~ V2f ()

A A
Process: X >0, ~»>H —>d > >Xx,—>0,~>H.,

Motivation via quadratic functions: f (x)= %(;-;*)T Q(g—g")

9 =Q(X—=X"), G =Q(X — X"+ X1 —X ) =9, +Qp,
where p, = %, — X =0,
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O Key Secant Relations:

symmetric.

Copyright ©1991-2009 by K. Pattipati

Motivation via Quadratic Functions

Look for relations of the form:

QP =% =%~ 9 | = | BeaP =Y

o) [Qa=p | => [Hu4=P

Qlp P Pra]=[% & v O]

= Q~B=[¢ & = GulP P - Pl

= Q'~H=[p, p - Pl & - G

* We can approximate Q or Q" via { pi}and{q}, but it may not be

« Can we do this recursively? H, —»H,,, (or) B, — B, , starting with
H, or B,. TypicallyH,=B,=1.

L L L L
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JYer | Key Ideas of Quasi-Newton Methods - 1
d  Problem:
Inverse Hessian Approximation Hessian Approximation
Given: pk Ker — % Given: pk Kerr — X
O« = 9k — Gk Ok = 9ia — Yk

H, >0 &H, =H/
Hk+1 - HI;r+1 >O
> HiyO = Py «

Find:
(DUALS)

Find:

Secant (or) quasi-
Newton conditions

d Alternate Problem:
Given: p,, q,, L

Find:

& I‘k+1 L-II(—+1qk pk

Copyright ©1991-2009 by K. Pattipati

> Bk+1£)k = q,

Given: p,, g, L

I—k+1 3 Hk+1 — I—k+1|—-I£+1 — Flnd

B, >0&B, =B/
Bk+1:BI;r+1>O

Vo . VoY /\T
I‘k+1 d Bk+1 - I—k+1|‘k+1

& |:k+1|:|£+1£)k = 0y
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What are the conditions that guarantee positive definiteness of H, . ,?

Need | p,q, >0

Scalar Case: h =L = P need P, G #0 &p,, g, same sign.

Hk+1=H|;r+1>O A p;-gk >O
Suppose we have L, > LiL,.0 = P,
Let v Vik = Lk+19k = O<y _k Vi =9k Lk+1Lk+19k = ngEk

What does it mean? A
f ()_(k + agk)

PO >0 = PG> Py
since p, = dy & o, >0 = ngQkﬂ > nggk

T -
d, 9., =0 for exact line searches

d, g, <0 descent direction

[



Ye J—| Recursive Update Problem - 1 |

- Suppose p, g, >0. How do we construct H, , (L, ) fromH, (L, ), p,,and g, ?

We will construct L, ., in two steps:
1) Construct S, , S, ,S,,, =H,... S,., not lower triangular.

FEF O DL L

2) Use QR factorization to construct L, 3S,,, =L, T,
L., ~ Lower triangular
T.., ~ orthogonal matrix = T =T/,

Note: We do not need to store T, since S, .S, =L _.Li,=H,..
* Quasi-Newton (or secant) condition H, ,q, = p, (or) Sk+18k+1qk P, implies:

k+1qk Yy Sk+19k:_pk

» So, the problem of finding H,; > H,.,q, = p, & |H,,,—H,||. small is equivalent to:

1a) Find Sy.; 3 SU = P & ||S,.; — L] is small. ”A“F:m:\/g .

“Least change characterization” (51~ singular Value:l j :

1b) Once S, ., is known, find u, from Skﬂqk =U,. JE

g Copyright ©1991-2009 by K. Pattipati (T LTLLL
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e J—| Recursive Update Problem - 2 |

d Solution of Problem 1a:
1 1 .
rg('ﬂn E”Skﬂ - I—k ||2F - Tklﬂn Etr |:(Sk+1 - Lk )T (Sk+1 - Lk ):| subject to Sk+19k = B

/_1T Sk+19k = Tr(sk+19k /_IT )

1 T
L(82) =5t Bra=b) (B[« 2" [Seu-p] | 10
A -

T T

5?_ Sea L +/1ng =0 = S=LkL lng = Ve TTGathd) =44,
k+1 V, (A" Sialy) = Syl
Lu —p
Z_l/_lzskﬂgk - =0 = Lu -p, _&(nggk):O or 4= ( k_kT _k)
Uy Uy

Sia =L+

* S IS the nearest matrix to L, while satisfying S, . ,u,=p,.

[  Solution of Problem 1b: ;
(pk _Lkgk) ot

Need U, =S/,,q, = LGy +U,

[
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)& Recursive Update Problem - 3
a
: 1 EkTgk 91 ngk -1 EkTﬂk 1 T
- oLbe  uu %7 e e, 4T
w T -

= 0, - @Eigk 1=1 = | @2 TEIk—ng

KA P G g/ H, g,
p, (]
= |%=E T_|k_|—_k'|-19k since py g, >0 sqrt always exists.
qk qu

* Take the positive sign since this makes S,,; closer to L, when
p,=H, g, =06, =1&S, , ~ L, asitshould.

T T o

o U U =p0g > 0 J

O Before we consider the problem of finding L,,, from S,,, let us take a :

step back and review the results obtained so far. r

10 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . :
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e J—| Recursive Update Problem - 4 |

d GivenL, p, g > L' exists, we found an S, , > Sk+1Sk+1qk Py

The result is:
(pk L, ) T
Sia =L+ T o W= ®k|—k9k
Uy Uy
=
O, = TEkgk >0, H =LL
ﬂk Hkﬂk
d  Q: IsS,,, invertible?
Suppose it is: . Ll (po-Lu )T L
Sk_+l L_ T
INVRTHES (e u)
The inverse exists if u, u, +u, L' [ = 0,0, P #0.

Since g, p, >0&0®, >0, S, exists.
. So,H,, =SS, is PD. We can get a recursive expression for H, as follows: |4 '

=S ST |:Lk+<pk_Lkgk)HkT:| Ll_i_gk(Ek_Lkuk)T j

H

k+1“k+1 —

k+1 —

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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L (P-Lu)  (P-Lu)uy (po-Lu)(po-Ly)

H .=H, + = + +
o Uy Uy Uy U, TR .
T !k k ™ Ek gk
PP Luucl oL
M T e =Bk,
H, =L LI
T H TH Davidon-Fletcher-Powelll
H ,=H + kapk kgqu K« (DFP) method (or) Inverse
Py Gy O Hkgk Positive Definite Secant Update

 All we need to do to ensure a descent direction (H,,, > 0) is
P% >0 = gudy >gcd,

Line search can be inexact.

 Because of round-off errors, H,,, can still go indefinite. Can rewrite H,,, as: |1 'a

H, 9.0 Hao | PPl HGOH,  Simi ; -

Ho oo ok by [y 2 ek | BB Pl T Similar to Joseph’s form of [d 'd
k+1 ngHkﬂk k qkTHqu Egﬂk ﬂkTHkﬂk covariance equation d :
L

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



N (I Recovering BFGS Update l

* \We can obtain Hessian approximation, B, via:
LL=H, < B :I:kq Qe <> Py P < G L, Sy © I:k’ SAk

S A \nT
¢ o (a-Lajar o [plg
ket — b T A v W= 7 "L Py
Uy, Py By Py

FEF O DL L

T B TRT Broyden-Fletcher-Goldfarb-
4.9, k P P By
Bi=B+=——-——= (¥*) <—— Shanno (BFGS) formula (or)
PG PuBiePx positive definite secant update

« Found to be the best update in practice. d, from I:kI:ch_lk =—0y

 We arbitrarily modify H,,, update as:
H, ., = B, of (*) modified
T T
:H”Eﬁ_Hgkkgf:gl:k+¢(95Hk9k)-w’ K=
¢=1 actual B_;, BFGS inverse PD secant update
¢=0 DFP
Note that r'q, =0 = H,,,q, = p, is satisfied.

P 1
Ped 9 H,a

Hkﬂk

L L L L
[
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Analogy with Control & Estimation

 Similarly, we can arbitrarily modify B, ,, update as:

B,., = H,., of DFP modified

a9 B.P.pB
=B +=F--—3
_pk ﬂk Ek Bk Ek
Hk BkEk

PG PBD

W,

+¢(EkTBkEk)V_Vk\LVkT

V_V|<T£)k=0:> B P = 0 ¢={

 Expressions for B, and H, ., are similar to those that arise in
filtering (with perfect observations) and linear quadratic control
problems (with no control weightings).

1 H, " update of DFP
0 BFGS (best)

Filtering

X1 = X+ B Wy W :N[O

%, PePe

Y, = % (NO M/S NOISE)
X =% +Kk|:yk_9|;rxk:|
R

1
Py G

Kk , 2|<+1 = Zk +

02, Py G

Copyright ©1991-2009 by K. Pattipati

0y Z, 9

Control
X = X T QU

Yk :EkTﬁk
N
min{z Tl yf}

T T
EN —k+1£)N —k+1 PN —k+19N —k+1gN —k+1 PN —k+1

Lk L L

PN—k - PN—k+1 +

T
HN —k+1 I:)N —k+19N —k+1

T
pN —k+19N —k+1

[




How to Traingularize Matrix S?

Q Problem 2:Howto get L, ,, fromS, ,>S ., =L T, &T,_, orthogonal?

» 3 methods for transforming a matrix A into a product of a lower triangular
matrix and an orthogonal matrix.
— Householder, Givens, etc. (ECE 6435). Complexity O(n3).

« But, S,,; is a rank one perturbation of a lower A matrix, L,, i.e.,
T
(Ek o Lkgk )Hk

Uy Uy
* For this problem, we can devise an O(n?) algorithm based on

GIVENS ROTATIONS
Q Whatwehaveis: L, =1..; = T, =1, L = upperA.

WewantS/, =T .., — QR decompositionofS,,

FEF O DL L

Sk+1 = Lk +

» Don’t actually need to store T,,, since H,,; =S,.;S¢.1 = Lialia-

«d d
* The generic problem we want to solve is to find the QR decomposition of j :
p. —L.u
ST:LT+uyT yN—"T—k—k < 'd
= 7 o
Uy Uy -
15 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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« The algorithm involves two steps:
Step 1: Find an orthogonal transform T, such that

| |

LT

X X X X X

X X X X X

X
X
X
X
X
uy’

X X X X X

X X X X X

U,, upper Hessenberg matrix

o O X X

0

O O X X X

X X X X

0

Step 2. Find a second orthogonal transformation
To0=TU, =TT L' +uy" |.

O O O X X
O O X X X
O X X X X

T=TT, & I:T:TT[LT+

Copyright ©1991-2009 by K. Pattipati

O O O o X

O O O X X

O O X X X

O X X X X

X X X X X

Triangularization via Givens

[



Step 1.
11 Find T, 5Tu=[@ 0 - 0]' =ag; a=+Ju'u

FFF oL L

1.2 Apply T, toL" +uy" = T,'LI' +agy' =U,.
Y b, Y

upper Hessenberg \—/ : : :
«— 0 -

— The tool to accomplish step 1 is GIVENS rotations.

B Lk B
1 o
) A o I cs_' __________ i C=cosd —
J(i,k)=J(i,k,0)={--------- R REEEEEEEE - - _ =C°+5° =1
| —sr c I_<_ s=sin@
o 3
Lo 1 -
_ L S . a
-1 T
J =] =J(I,k,—6?) B
y=JX = Y, =CX +SX; L
17 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ .:
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T
T

N

« If you want to zero out y,, selectc =

— So, to transform U — a¥, :

r

1(3,4)

_—

18 Copyright ©1991-2009 by K. Pattipati

N\

3(2,3)

—_—

J(1,2) ...J (n—2,n)_1J (n-Ln)u=cg

Actually can do operations directly on L

Whatever you do to u, do the same to L', i.e.,

J1(1,2)

_—

= lower Hessenberg = L,, =LT,=LJ"(n-1n) ...

X X
/zl 2’ 5= /zk 2

J@L2)..3(n=2,n)J(n-1,n)L" =T,'"L" = upper Hessenberg

17(1,2)

o o o ®

L L L L
[
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! (| Step 1 Algorithm via Givens l

Copyright ©1991-2009 by K. Pattipati

d  Algorithm:
FOR i=n-1n-2,..,1 DO
ui
C=——
uf+uﬁ
S = ui+1
Vuf+ui1
U. < CU, +SU. ,
u., <0
FOR j=n,n-1,..,1 DO
aZCIji+SIj,i+l On|y2
b=—sl;+clj;,; | columnsofL
l; < a (j, i+1) are
|, <D affected.
END
END
FOR i=1n DO
.
L, <1, +uy, L, +ay.e
END B

[
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X X X X

X X O

X

X X O O

J'(3,4)

X X X O

0
0
A

A

37(2,3)

X X X X

O o o o

O o o o

J'(2,1)

( Step 2 Algorithm via Givens

S O O

S OO

O O o o

> o o

A

O Step 2: Can we use Givens rotations again to transform Hessenberg to desired

lower triangular form? YES
FOR j=n,n-1,..,2 DO

Ijj

Fas+ 1

i-Lj

CcC=

5= 2 2
i+ 1

ME

i1

FOR i=12,..,j-1 DO
a<cl,,; +sl;
| <= —sl_;; +cl;
Imea

END

2 2
G+ 1

«~0

kL

rows j-1 & j are affected

[
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FEF O DL L
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Y Quadratic Termination of QN Methods

1. Quadratic Termination: DFP method yields
» Q-conjugate p; (= Q-conjugate d; since p; = «;d;)
« H,Qp=p, 0<i<k
-« H =Q*
— In the quadratic case:
O =%~ 9= Q()_(k+1 — X ) = QEk

— Also, quasi-Newton condition yields:
Head =P = H..Qp = P, Isaneigenvector of H,,,Q with a unity eigenvalue

* We prove Q-conjugacy of p; via induction. Assume that p,, p;,..., Py are Q-
conjugate. We prove that p,, p;...., P,; are Q-conjugate. We know that
91 =0in +Q[ Pia T Piz +oee Tt pk:|
p| gk+l p| g|+1 =0V O0<i<k - of Q_Conjugacy

= Ei Ok =0 = p 'Q H19 =0 H,Qp =p
H/_/
CPryg

Since p.; = - H19c = PQP,, =0 0<i<k

FEF O DL L

L L L L
[

29 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
L L L LR



1Y Mermoryless Quasi-Newton Method
ol
d « Also, for k
: 9II+1Hk+1QEi = 9I;|—+1Ei = E:+1Q£)i =0 V0= I < k
. 0 =0
Ly p .ol .Op. H " H .OQp
— Hk+2QEi _ Hk+1QEi n Ek+lT£)k+1QE| . k+19k:1 (9k+1 k+1QE|) _ _pi v 0<i<k
Ek+19k+1 9k+1Hk+19k+1

Since p,'s are Q-orthogonal, DFP is a conjugate gradient method.

H,=1 = DFP = conjugate gradient method

H =1 Vk =
— BFGS inverse positive definite secant update is = conjugate gradient method.
— Also known as memoryless Quasi-Newton.

— Recall:

PP H 4G H, P H

Ha=Ho+=—-—57 +9kTHk9kfkfkT’ Lh=—F—""——=—7
Pl G Hil P G Hide "
T T T T T T J
f— Hk+l = I + E:—Ek . glfrgk + I;I' k_r.k_rkT — I . ngk - Ekgk 4 1+ gk-rgk E:—Ek 1
PG 99 — Pr G P G | Pi Y :
L
23 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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gk+1 =-H k+1gk+1

o GP%t PG +{1+ 0Oy } BTG

- __k+1 T
P,

- For exact line searches, p, g,,, =0

ngmad

d T <—— Sorenson-Wolfe formula
k

= gk+l = _9k+l

O Convergence Properties: Reset H, =1, I.e., every n steps.
« Since approximate sz( ) near minimum, get superlinear convergence.

O A
= f=suplimi—/——1
. Hl(k_XH

 In general, BFGS positive definite secant update is better than DFP.
« Can improve convergence via scaling.

[ Scaling: Convergence depends on A (Hi’ZQHi’Z):ﬂ,, (H,Q)

* Recall that for quadratic functions H,,Qp; = p; V 0<i<k

=0

Copyright ©1991-2009 by K. Pattipati

Memoryless QN & Sorensen-Wolfe CG
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Scaling in Quasi-Newton Methods - 1

 Scaling cont.,
At each step of DFP (or Broyden), we move one eigen value at a time to
unity.
* x(H, Q) may be worse than x(Q).

Idea: Scale H, by a scalar vy, so that the eigen values of H, Q are spread both

below and above unity. _
- IfA4 <A, <...< A, are eigenvalues of H,Q, we want to multiply H, by y,

where 4, Sigin.

Yk
— &[7kaQ] = 1A <14,

Recall:
G MG POHOR KTQHQTL e ey
P G P QP L X
. Sinceﬂﬁ(Ql’szQl’z):ﬂﬁ(H&’ZQHi’Z):ﬂ,,(HkQ) A (AB) = /4 (BA)
qk pI;qu
A, Q<— il <A (H.Q) | So,usey, =—==—.
(H.Q) Py G (HQ) © g H,g

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



Scaling in Quasi-Newton Methods - 2

 The scaled quasi-Newton method then works as follows:
« *k=0, H, =1

« F Qk =—Hk9k
Perform line search to find ¢, =arg main f (% +ady)
If k=n Go back to *
Pe %
o Hi G
update H, and go back to 7.

FEF O DL L

else H, =H,

Pe 9

For square root implementation I:k = |—=
G LeLi G

-L, =scaled L,

- For BFGS positive definite secant update, the scaling factor is gk k
pk B, pk o
4
5 G P« ~ <
ThenB, =B, - ——— & [, = [—=—. F
Py By Py o
4
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d Least Square Problems

min f (x) =507 (x

FEF O DL L

L L L L
[
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e
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j=1

L
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d
d
a4
uy o Examples (continued):
: 3) n We want to estimate {¢; } and {£.} from
[ {u(k)} ,Z::jaiz {y(k)} {u(k), y(k)}::1 m>> 2n
— n . > 2
ﬂ-Z_J 1 m n n
JZ=<:> J f(@’é)ZEZ(ZO‘jukJ _Zﬂjykjj
k=n\ j= j=0
4) Single layer neural networks: Given pairs of {E(k),g(k)}km= , find network
weight W to minimize iZef(k) —> average error.
p=-1 O W10 O vy(K) Ch Yp(K)
v(K) o g,-(k)
5 J
- 2%0 O ] g () =y;(k)=ds (k)
- (K
P, (K o @ O 1T
} a b
neuronj :
29 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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oYe Examples of Least Squares Problems - 3

d  Examples (continued):
4) cont... vj(k):ZWjipi(k)z\ijTE(k)

y; (k)=h(v; (k)

1_Gv_ €  (0,1) logistic function
1+e "
2., _
h(vj)=<;tan '(v;) e (-1
1-e 7" .
— bipolar for o =1, tanhfor o =2
1+e
1 m r T 2 1 r
f(W):%ZZ(dj(k)—h(v_va(k))) :EZfJ(WJ)
k=1 j=1 j=1
* Since the cost function is separable, we can minimize this function for each output
separately.
fy(w,) === >(d, (k)-h(w] p(K)))
J\—] 2m — J —J =
. : 18 2
+ S0, the canonical problem is: f(\Lv):EZ(d(k)—h(_JT;_)(k)))

Copyright ©1991-2009 by K. Pattipati
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(l General Neural Networks l

O The Adaline (Adaptive Linear Neuron) Widrow-Hoff (1962)
LMS algorithm (Least Mean Square)

h(w'p)=wp
F(w)= 5 >3(d () -w" p(k)
ezrk)
Vi (W)= 20 (k) -w] p(K))P() = De(k) (k)
v (w)=> p(k)p" (K

O General Neural Networks
» Can approximate any 1/0O map accurately
» Adapt to stochastic environments

» Fault-tolerance & VLSI implementability 43
» Theoretically, one hidden layer is sufficient . :
1 .
h(x)=1+e_ax, h'(x)=ch(x)(1-h(x)) :
L
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Note that:
%f" =—e(k)h'(v(k))p; (k) | Local computation
! 5(k) e//_— local gradient
local gradient of neuron j
- In general, o (K) =—5,(k) p, (k). Second derivatives are a little more complex

(see B.D. Riple“y, Pattern recognistion & Neural Networks, 1996 or Bishop, 2006)
O Multilayer Perceptrons d, (k)

Po=Yo=—1C

Pi =Yi0 O

Lk L L

[
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y=nt () y | ve e () y | = ]

n| (wh)"y"|
Key: Can evaluate gradient recursively backwards
of

(1) = (T () 7 (k)= (v (k) 0™ ()™ (k)
Ji
end: 5} (k)=—e(k)h(v"(k)) (Last Layer)
« Canuse SD, CG, ON, Newton, Modified Newton, etc.
« Gauss-Newton neglects second order terms.

V2§ :{VQVQTJrZVZgigi}ngVgT
272 T4 A

X =%~ VO (%) V" (x)] va(x)a(x)

— If not invertible:

Vg (x)V g( )+A,l  Levenberg-Marquardt

Copyright ©1991-2009 by K. Pattipati
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Incremental Gradient Algorithm -1

O Some neat implementations:
- Recursive k=12,...,m (Incremental Gradient Methods)

FEF O DL L

=i fi (§)=Zm:g.2(§) 9,,9,,... 9. come in sequentially

K = kZVg (%)a (%) ¥o=x,
FOR I=1m DO
¥ =Y_- aél)vg, (Pr1)a ()

END
« This is precisely what happens in LMS, Recursive Least Squares and Neural Networks

. Use constant step size " = o, = min (7, ” /1 J =7,
7>
d Example 1. LMS algorlthm

«d d

«d d

Vi (w) = ;Vf( )= Ze )p(1) = w(l+1)=w()+np(1)p(l) aa

« LMS = incremental SD - :

34 Copyright ©1991-2009 by K. Pattipati L LLEL :



- w(1+1)=w(1)+n[d (1)~ p" Ow(1)] p(1)

- ~[1-np(1)p" ()]w(1)+nd (1) p(1)

" . Convergence for 0 <7 < 2 ; Amaxz/lmax[%z_p(l)ET(l)]zR
2

O<n< 2 _
tr(R) 1
"R )p()
O Example 2. Back Propagation Neural Networks

Wi (1+2) = wj (1) +75] (1) y™ (1)

delta rulé Aw?i(l)

» Steepest descent with constant step size...very slow.
« Usually employ heavy ball method...adding momentum term to the update.

¥, =9, 147,99, (%) 8 (%) + B(¥, .- ¥ 2) T

NN: i (12) =w (1) +587 (1) Y\ (1) + 3 (w (1) - w (1-2) s

delta rule :
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Incremental Gradient Algorithm -3

Aw;; (1) = paws (1=1)+ 787 (1) Yy (1)
=T (R ()= R 0<pe

FEF O DL L

= same sign for

of
= AW, T
ow;; (k) ‘

: of
= alternate sign for
ow;; (k)

« Randomize data blocks {I5}
 Use non-symmetric sigmoids.

= iji J

2a
V)=atanh(oVv)= —a

9(v)=atanh (ov)= =2
a=1.716, a=23 FR 2
ol ol
« Conjugate gradient algorithms: » SW aa
ol ol
&
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* Incremental Newton = Incremental Gauss-Newton = RLS
J Newton and Linear Least Squares:

m -1
xk+1=xk—(2§£} {AQ—Z@@T&}(AAT)lAQ
i=1 i

FEF O DL L

i=1
¥, =X P, =10°I
FOR i=1...m DO Sherman — Morrison —Woodbury
P.a m -
Ki — 1120 a a-T _ P
1+ng F)i_lgi (;_I_I j i-1
¥ =¥, +k(b-a'¥,) R'=Ri+aa
T P_aa'P
P=P, - P.aa B, P=P_, - "1§'T§' =1
' 1+ giT P_.a 1+a P2
END DO y
o
— want to put more emphasis on recent data: P_, — - :
J
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Incremental Gauss-Newton = EKF -1

O Idea can be extended to nonlinear least squares:

0, (%) Vg (x)(x-x )

m

X, = arg minéz

X, = {ZVg (&)} iZmllgi (%)V

 If we want to implement this recursively, one way to do this is as follows:

FEF O DL L

¥, =X, P, =10°I
FOR i=1...,m DO
R4V, (%)

Ve ()R (%)

[
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4 Incremental Gauss-Newton = EKF -2
- | ¥

: i = Forgetting factor P_, — A 0<A<1

: This is a special case of EKF.

O Application to Neural Networks

d(i)=h(w" (i) y(i))+e(i) error
Suppose we have estimate W(i):

d(i)~h(&" (i) y(i))+Vh] (W) [w. ~(i) ] +e(i)

[
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&

Incremental Gauss-Newton = EKF -2

O Application to Neural Networks, continued
¥, =w(0); P,=10°
FOR i=1...m DO

END

Fading memory P_, — %

[
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(l Summary l

d  Quasi-Newton (QN) Methods
d  Motivation from Quadratic Functions

O Square-root Implementation

 DFP & BFGS versions
« Relation to Filtering with Perfect Observations

 Properties of QN Methods
*  Quadratic Termination

«  Convergence Properties
« Scaling

d Incremental Methods for Neural Networks
« Back propagation, momentum methods

 LMS and Recursive least squares
e  Gauss-Newton = Extended Kalman Filter
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