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@ ' (l Outline of Lectures 9 & 10|

Constrained Optimization Methods

Penalty Methods

Multiplier (Augmented Lagrangian) Methods
Duality and Convergence Issues

Extensions to Inequality Constraints

[llustrative Examples
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Constrained Optimization Methods

O Three classes of Methods
1. Convert into a sequence of unconstrained minimization problems

 Penalty functions

e Barrier functions ... we will discuss in the context of LP in Lecture 12

* Method of multipliers..... Best available (also called augmented
Lagrangian methods)

Here we satisfy constraints approximately

2. Feasible direction (or) primal methods

« Work on the original problem by moving in the feasible region
 Nonlinear function with linearized equality and inequality constrains
« Manifold sub-optimization Methods

— Rosen’s Gradient projection method

— Reduced Gradient method

— Newton type Gradient projection method

3. Successive quadratic programming (SQP) methods... Best available

Lk L L
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Y5 | Basic Idea of Penalty and Multiplier Methods

O Penalty and multiplier methods convert a constrained minimization problem
into a series of unconstrained minimization problems. We consider the
equality constrained problem first:

C
=~ h*(x
2 : I ( )

min f ( Zﬂ,h X)+
(or) Penalty parameter and
/ quadratic penalty function

minf(g)f _(_)+% (x )T (X)=L(x4)

Multiplier vecto

Ms

Il
[SEN

» Penalty method: 4=0, cischanged. Convergence to X OCCUIS as C —» oo

« Multiplier method: 1 is updated and ¢ is changed. Convergence to X occurs
at a finite value of c

«d

] «d

1. D.P. Bertsekas, “Multiplier methods: A survey” Automatica, vol. 12, 1976, pp. 133-145 B W

2. R.T. Rockafeller, “Solving a nonlinear programming problem by way of a dual problem” u G
Symposia Mathematica, vol XXVII, 1976. o
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . :



g Qi (l Penalty Methods l

: A Penalty methods

. L, (%)= f(>_<)+%ghf(>_<)= f () +20" (x)h(x)= T (x)+ 2= p(x)

: For nonlinearine&uality constraints g(x)<0 ¢p(x)’
L (0)= T (0)+20" (0)h(x)+ 397 (x)g" (x)
= p(x)=n" ()h(x)+g" (x)g" (x) M
where (g ifg (x)<0 ()

gm:{g,(z) g, (>0 & ()78, LRI =12

Suppose we select {c,} ¢, >c, andc, >0 Vk and limc, - and

K—o0

perform unconstrained minimization of the form:
L, (x)=f(x)+cp(x) =X L, (%)= f (X)+CaP(X) = X
Typically, ¢, = Sc,; f €[4,10];¢c, =1

Does x, — x and L (5}2)—) f (5*) ask — oo

L L L L
[

We will consider the equality constrained case, since we will not use this method
as Is.
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(l Proof of Convergence -1 l
O Proof of convergence:
Results: (1) L, (%)=L, (o)
(2) p(l: ) - %DT (Kk )h(ﬁk ) 2 %DT (Xk+l)h(§k+1) - p(ﬁk 1)
(3)  f(x)= (%)
Proof (1) L. . (XQ 1)é f (Xk+1)+%ck+lh-r (Zk 1)D(Zk 1)
N\
> f (Xk 1)—|—£CkhT (Z;H)D(Zk 1) L ()_(k) f(x*)
since ¢, <C,, ) )
> £(x)+ 20" (x:)n(x) )
=L, (%) K
i i _ a4
L (564) 2 L, (5| = ot vorson of e evgina bl 43
Also, note that L, (5’;)2 f (ZE)Vk since ¢, p, (X;)Z 0 4 :
|
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(

Proof of Convergence - 2

O Proof of convergence:
(2) Since x, optimizes L, (x) and x,,, optimizes L, (x)

f (5E)+ck p(gl ) < f (§;+1)+ck p(g;l) because X, is suboptimal for L, (x)

f (ZI+1)+CK+1P(ZL1) < f (5E)+ck+lp(§]:) because x, is suboptimal for L, (x)
6P (X5 )+ P (X ) < €GP (Xt )+ CP (X4
(G =€) (%) < (G =) P( %)

= | P (%) < P(xK)

k
(3) Since f (Z;+1)+ Cy p(Z;ﬂ) > f (Zk)+ck p(xk ) =L (Z )
we have %
f(Xa)— F(X)2c [ p(x:)-p (Xﬁﬂ)] >0 | approach optimal solution | | &
; " from below 43
— f(ZkJrl)Z f(Zk) o
Copyright ©1991-2009 by K. Pattipati T TLL :
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@J—‘ Properties of Penalty Methods l

*

O Property 1: f(g*)z L, (5’;)2 f (gk) since

()= 1 () raup(c) 1 (x6) +p )= L (1) = 1 ()

O Property 2: limx, — X

Recall "every bounded monotic sequence has a limit"
= lim f (x, ) —> ()

k—>o0

x = limit point and f (x) is a continuous function of x

Also, lim L, (x;)—> L < f(x") where L' = f (g*)+1ilgock p(x:)

k—o0 -

= limc, p(x,)=L —f (5*)

k—o0

= lim p(x, ) — 0 since 0 < p(X,,; )< p(x,)Vk

k—o0
— X is feasible since h(i) =0
To show optimality, recall that

f (i) =lim f (x, )< f (5*); since x is feasible,

k—o0

L L L L
[

f(x)=z f(g): f(i):f(g) and X — X

In practice, convergence at large values of ¢, =c,
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Problem of IlI-Conditioning of Hessian

O

Consider L, (x)_f(x)+ h" (x)h(x); at optimum c,, X,

VL, (%)= V"(’Q)Wh( e ()]
v (s e (s )
As x, — X , i.e., ¢, large
VL, (%)= VL(x)=V 1 (x)+Vh(x)2"
Di*zckh(éz)
VoL () =¥ (5 ) S (6 )+ v ( ) ()
V2Lo(x)
=V2L, (X )+ Vh(x ) vh' (%)

VL, (5E)—>V2L(§*) as k — oo

VZL(Z*) must be PD in the subspace Vh/ (g*) y=0;Vi=12,..m

The convergence rate of the penalty method depends on

e VL (26 | = Anac (VP () /A (VL ()

Copyright ©1991-2009 by K. Pattipati
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4 lll-conditioning of Hessian in Penalty Methods -
d
: [ A basic perturbation of Eigen values result for symmetric matrices
3 If A and E are symmetric matrices >4, >4, >...2 A4
L Then
. 2 (A)+ 2, (E) < 4 (A+E) < 4, (A)+ 4 (E)
or A (A)+ A (E) < A4 (A+E) < A (A)+ A (E)
P/S\D
A= cth(g,; )VDT (5’,; )m non-zero Eigen values, n-m zero eigenvalues
E=V°L, (g,: ) assume n positive eigen values = finite
SO, /’?’min (Vzl—ck ()_(E )) = ﬂ’max (VZLO (5; ))
K‘(VZL (X* )) = s (VZLCK (Z: )) Use lower bound in numerator
o \ 2k i (VZLCK ()_(’; )) and upper bound in denominator
_ e (ccvh(x)vh" (x ))tﬂmm (VLo (x0)) wase e PO
/’i’max (VZLO (Xk )) o |
Condition number of Hessian — « J:
10 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . :
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<5 |lllI-conditioning of Hessian in Penalty Methods -

' For high ¢, the unconstrained minimization problem becomes ill-conditioned
— SD out of the question.

' Since rank [VD(Z*)VDT (f)] =m, m of the eigen values — o as ¢, — o
(n—m) are eigen values of V°L, (ZE) constrained to subspace Vh' (5}2 )X =0
' For inequality constraints, [m + ‘ A(Z: )

Ax)

O Ideal set up for (m+1) (or) [m +1+‘A(§; )H PCG algorithm

} eigenvalues — « as ¢, — .

Here,

= Cardinality of active (binding) constraints

ax Xxxxb XX X XXXm large
2

b—a)’ K —1 b

X S| —— X, )=| — L. (X, ) x.=—
0 )= )~ E 0 e i .
Typically, use x, as the starting point for minimization of L, (x) j :
o
L
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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oYe J—‘Augmented Lagrangian Methods - 1|

O Method of multipliers (augmented Lagrangian methods)

Min f (x)
s.t. h(x)=0
Augmented Lagrangian fuction:

L. (x,A)=f(x)£A h(x)+ (x)h(x)

Multiplier vector Penalty term

At the optimum: with c =0
V2L, (X, A7) = V21 (x )+iZ:1’,/1.*V2hi (%)
Assume V2L, (5*,&*) PD on the subspace

vh' (x)y=0 = N(vh'(x'))

Copyright ©1991-2009 by K. Pattipati
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@J—‘Augmenwd Lagrangian Methods - 2|

O Method: Given Lagrange multiplier vector 4, and a penalty parameter c,
1. Minimize LCk (x, 4,) wrt x to obtain x, via CG or NM or QN
2. Update 4,,, = A, +ch(x,) 3 other updates
3. Selectc,,,>cC,
Gotostep 1l
d Geometric Interpretation

min L (x,24)=min { (<) + Z0(+ S () ()|

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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NI m (l Geometric Interpretation - 1 l

O Augmented Lagrangian Methods

1 .
\ p(u)+2c:u *

,—/11( =A
’ +1 -
4 -,
4 //
4 7
rd

At optimum ap(u)+cku+/1k:0 = ﬂkz—{ap—(u)+cku}

/7’k+1:ﬂ’k+cku:_

Copyright ©1991-2009 by K. Pattipati
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N 4m (l Geometric Interpretation - 2 l

O Augmented Lagrangian Methods
_’ﬂk+1

PR

N

If A, iscloseto A’
or c, is sufficiently large

. Methods Convexify
= Ao > 4 Functions

Augmented Lagrangian

p(u) linear = convergence in one iteration
Key: ¢ need not be large for convergence. All we need isc >C.

Copyright ©1991-2009 by K. Pattipati
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(l Geometric Interpretation - 3 l

In contrast, notice the ill-conditioning in Penalty Methods

1,
u)+—Cu
p(u) 5

min{f (x) +%ch (0h(X)}

/p(“) =min{f(x) +%CDT (x)h(x) - h(x) = 0}

= L, (%)
/ Lck_l ()_(; -1 )

muin{p(u)%cuTu}
. pw=min ()

/ -

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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(l Geometric Interpretation - 4 l

Multiplier methods, in some sense, balance the condition numbers of
dual (1 update) and primal (x update) problems.

O Ingeneral 3 athreshold ¢ =C and a slope 6 > for all 4, ¢ in the set
D < R™! defined by the picture below, the method converges

-
—
-

We will come back
to this later

Iope -0

C is related to the elgen values of

i (x)[ Vi, +6.7h(x )b (z*)]‘lvn(f)}

For convergence, need € > max(0,-24,,-24,, ..., —24,)

If V2 L, is invertible, use it to compute A

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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R 4 (I How to Selecte, ? |

d Howtoselectc,

¢ Cu=hC, fel4 10]

- ¢, from eigen value analysis of

Vh' (f)[vixLo]_l Vh' (g) If not, set ¢, =1.

- Increase c, only if constraint violation is not decreased by a factor y <1
over the previous minimization.

: {ﬂck it (x50 )
k+1 —

c. otherwise

> 7/‘h (X:ﬂ’ Cisrr /_1k+1)

y =0.25 typically, and =4

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Step 2:

FEF O DL L

Method of
multipliersy

Copyright ©1991-2009 by K. Pattipati
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Implementation of AL Methods

 Given 4,,¢,=1 pe(4,10) y;z, k=0

Check for convergence of x, . If not converged, gotostep 1

1

Solvefor optimal x, of L (x,4.) ... X, = functionof (c, 4,)
Update 4., =4 +¢h(x)
IF 1G] < 71h0g) |
Crr = G
else

Ci1 = BC,
endif

[
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d Example 1: Convex function

min 2x*+2xy +y* -2y
s.t. x=0
L(X,y,A) =2X° +2Xy + y* =2y + AX
VL=0= 4x+2y+1=0
V,L=0= 2x+2y-2=0
V,L=0= x=0

"

.
= Yy
It

» Penalty :

NS 4 (I [llustrative Examples - 1 l

Xy

=0
=1
=2

1
L (X, Y)=2X" +2xy +y° —2y+5cx2

Penalty Method

_ very slow
convergence

Note: AS c— o
-2c

X=—"=-2=1"
2+C

—2

V. L AX+2y+cx=0 =4X+2-2X+cXx=0=>Xx=——

VL, 2x+2y-2=0 =y=1-x=1+

Copyright ©1991-2009 by K. Pattipati

2+C
2 _4+c

2+C - 2+C

L L L L
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NS 4 (I [llustrative Examples - 2 l

* Primal-dual method :

— foragiven A, minL(x,4)=q(4) primal
— max q(1) dual
L(X,A)=2X*+2Xy+ y* =2y + AX

VL=0= 4x+2y+1=0 :>x:—(1+%j fromy=1-x

VL=0= 2x+2y-2=0=y=1-x= y:2+i fromx =— 1+£
’ 2 2
q(/l):(x+y)2+x2—2y+}tx

o

12
A0
4

kL

[

qg'(\1) = —24 —1=0=> 1=-2,x=0,y=1. But, we will use an iterative update for 1

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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&

(I [llustrative Examples - 3 l

« Steepest Ascent Iteration :
va(4)

(_A_\
s = va 2]

=1 +a(_7—l)
= A +ax (1) =4 +ah(X (4,))
* Newton’s Method:

=+ 1] =-2

hos =4 ~ VAT VAR VA = -2 Va() = - -1

Use damped Newton’s method, etc.

kL

[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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NS 4 (I [llustrative Examples - 4 l

« Augmented Lagrangian Method: 1
Lo (X, A) = 2X° +2Xy + Y° —2y+/1kx+§cx2

minat:4x+2y+ A, +cx=0 (1)

2X+2y—-2=0 (2)
Using(2): 2+2x+ 4, +cx=0
— 2
(c+2)
A+ A +cC
Y=
A+2 (2 2c
= —C = _
Hea = c+2 \2+4c M 2+C
Note that for small enoughc, 4, — -2 as k > o -
c=2:4=0 =>X,=— =>4 =-1=2X=--=4=-10 = Xx=-—- d'd
2 3 8 etc. fal
y=15 y =2 y=1.125 :
: J

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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' (I [llustrative Examples = 5 l

e (Can also use Newton’s method

Vg = —Vl h' (%) [V L (X 24017 Vh(x) ;. Va=h(x)
Vh= VZL =V*f+c VhVh'

O XX —C
400 1Y o
10 2] o

[4+c, O}

0 2
%+C 01 1
Vig=-[1 0] k [0}2_4 c
_.I_
A :
1
(1) (A+2)
ﬂ'k+1_ﬂ'k (4+Ck) .(Ck+2)
) 2
— -2|1
2+Ck/1k |:+2+Ck:| .
) a2
2+C, (% +2) d
23 x=—1 11250t a
L

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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' (I [llustrative Examples - 6 l

O Example 2: Non-convex function

0% =X x4 2,

: 1,2 2
min f(X) == (X7 —X5)—X
() 2(X1 2) 2 } VXL:Q:> X, =0
StX2=0 —X2—1+i:0 :>X2:/1_1
* Penalty Vab=0=% =0
. 1 X, =0=>1=1
L (X)==(x*=%x*)=X, +=cx?
C(—) 2(X1 2) 2 2 2
X, =0
1
—-X,—1+cx, =0 = x,=—— c¢>1
c-1
as ¢ o X, =0 a3
c «d d
Alsoas ¢ »>w X, =— —>1=1 .
c—-1 :
L

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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(I [llustrative Examples = 7 l

* Primal-Dual:

L(x,z)=%(xf—x§)—x2+ﬂxz
V,L=0= x=0

-X,-1+4A=0 = X, =4-1 Itisnotminimum

q(A) = —E(/l ~1)* -1+ A1+ A(1-1)

—/12 1
+A-=-1+A+A° -2
2 2
ki 3
=—+1——
2 2
. o o
No maximum A —> I
) . a
Primal-dual methods do not work for non convex functions!! n
o
. - L
26 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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» Augmented Lagrangian Methods:
- Convexifies of the function

1 1
Lc(g,/l):g(xf—x§)—x2+/1kx2+§cx§

FEF O DL L

X, =1+ 4 +cx, =0 = Xzz%

C_
C
A = +C—_1(1—ﬂk)
I
c-1 c-1 .
All we need is ¢ >1. In fact, need ¢ >2 to make © 7 <1
- The threshold is due to non-convexity of f
C > max(—24;)

A =eigen valuesof Vh'[VZ L] *Vh

o f2 0]

27 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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@ ' | Primal-Dual Viewpoint |
a
: O Primal-Dual viewpoint of multiplier (augmented Lagrangian) methods:
: Consider the problem
. min £(x)+ch’ (x)h(x)
s.t. h(x)=0
Dual: q(4)= min[f ()+ Lt (x)n(x)+ 2" (g)}: min L, (x,A)
Shown earlier that
: C
min f(x) +§hT (x)h(x) < max q(4)
s.t. h(x)=0
o
o
r
r
r
r
o8 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



(l Steepest Ascent Iteration - 1|

 Steepest ascent iteration for A:
A =4 +a V(Q (i)
X

We can show that Vg(4)=h(x)=h(x"(1))
L Opt. x for a given A

FEF O DL L
| N N NS

full rank PD
= V?q(4)<0

d Proof of (1)

+h(X'(2))

29 Copyright ©1991-2009 by K. Pattipati

Va(4)=V,X (4)| Vf (X (2))+Vh(x (2))2+cVh(x (2))h(x

1)

Viq(4)=-Vh' £f (2)[ V2 . (x"(2).2)] vh(x'(2))(2

—~~
|
~—"
N —
L 1|
kL L

[



(l Steepest Ascent Iteration - 2|

since by definition of q(4), the first termis zero
va(2)=h(x(2))

= Ay =24 +a h(X (1)) is the steepest ascent method

FEF O DL L

When o =c = same as penalty viewpoint.
So, A iteration can be viewed as steepest ascent iteration for

maximizing the dual functional
d Convergence rate depends on eigen values of V2q(A4) : Proof of (2)

Know Vf (>_<* (4)) +VQ(>_<* (4))4 + cvg(>_<* (41)) h (x* (4)) =0

(@) v (5 @)+ Eav(x @) <S¢ (@)

[

Copyright ©1991-2009 by K. Pattipati
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@ ' (l Steepest Ascent Iteration - 3|
E V, (X' (2))=-Vh" (" (2))| VLo (X (4),2) +cvh(x (2)) VA (X (/_1))}_1
. =V (< ()| V3 L(x (2).2) ]
Know Vg(i)zh(g (4))
Viq(2)=V, (X (2)) vh(x'(2))
= VI (¥ (4))[ VAL (X (2).2)] vh(x (2)

For large values of c

Viq(4)= % | = A,.,.=4, +ch(§* (A )) = Newton's method for large ¢

- Can use Newton's method to update A,

-1 *
A = Ay _[qu(i)] D(Z (i))
Plus All the tricks of unconstrained minimization!!

L L L L
[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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4 AL = Primal-dual on a Penalty function
: « Augmented Lagrangian = Primal-dual on a penalty function
: Primal Dual
3 _ mi
W% mingf (9+eh’ (On() TR where qla) =mm 1
st h(x)=0 +(1/2)eh” (0h(9) +2" h(x)}
.. Steepest ascent iteration for the dual:
Aea =4 +aVa(4) =4 +0€kh(lz)
If o, =c,,the previous iteration is the steepest ascent iteration for the dual.
So, multiplier (augemented Lagrangian) method is a primal-dual method:
Solve for x, by min L. (x, A Primal
Do until 2 DY L, (X&) a3
COMVERIENS® | [Update 4 14, = A +c.h(x,);Update c,| Dual i
d
_ — J
32 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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@ (I Why Steepest Ascent Iteration ? l

« The convergence rate of the primal-dual method depends on the primal and
dual Hessians
For primal method, Hessian is

(Xk’ k) VxxLO(Xk’ k)+CVh(X )Vh (X)

XXC

Vi Lo (X 4) = V2 f(x)+z[zk+ch(x )] V() > Vi (. 2)

1=1 -

. N Ao it" component of next A
As c, — oo, primal is ill-conditioned

On the other hand, the convergence of dual depends on

V2q(4,) =-Vh' ()| V3L, (X, 4) ] Vh(x) mxm matrix

XX —C

Asc, -, V3q(4,) > HEFIN x| V?a(4,) | =1= well-conditioned
c

4
Multiplier methods ensure convergence at reasonable values of c, a3

a3

AL balances primal and dual condition numbers 42

o

L

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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(I Choices for ¢, -1 l

« What are the reasonable values of c,?
Recall that V3L, (x',4) = VA L,(x,4") +¢,Vh(x)Vh' (x)

XX Ck

Assume second order Kuhn-Tucker Condition is valid:

Yy VilL(X',2)y>0 Vy>Vh'(x)y=0

= ¥ ViL(x,4)y>0 Vy>y Vh(x)Vh' (x)y =0
Any vector w > |w|| =1 can be written as

w=y+z y=N(Vh');zLly

wVZL (X, A)w=w Vi Lw+cz' Vh(x )Vh' (x)z

since |w|=1, 3 ascalar € > the sum V2 L, +cVh(x )Vh' (x') >0

= For ¢ >C, the primal has a local minimum
C > max(—24,)

A, of {=Vh' [V} L]"Vh}=V?q

L L L L
[

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



s X | Choices for ¢ -2 l
- | . . .
1 « In fact, (A, c) pair should be in a region for convergence to occur
. ?
A1 : :
: Slope & Proof is technical
N A See Bertsekas
i Slope -6
C C—
Q Example: min—x* st x=0 (V)
V.L(Xx,A)=—4x>+1+cx=0 7 ’
V2L (x,A)=—12X° +c= V2L (%, A) >0 V|x|<c/12  — == .
V.L.(x,A) =0= 1= x[4x* -] \
2 1 1
s0, [A]<=—==c¥*=—=¢""
2 312 33
In general for min — x®; s.t. x=0 d'd
. d'd
— p-2 < d
{(A.0)[|4] < P 2[ }p ¢ o> 0= |4 <Scasp—>mo .
p-1 N
: — L
35 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Yes - {Whyaa&Works?-ll

Q Step-size Analysis for Gradient Methods (or ) Why « = ¢ works

Consider a quadratic function % X' Qx; Q need not be PD

Want to minimize this function subject to Ax =D
min Z X'Qx+ c(Ax-b)" (Ax-b)

s.t. AX=Db
Assume Q isPD Iin N(A)
=Yy Qy>0Vy>Ay=0

Dual Problem: g(4) = min EfQﬁf (Ax—b) +§(A1—9)T (Ax—Q)}

=min[L, (x,4)]

VL (x,4)=0=>Qx;, + AT 1 +cA” (AX;, —b)
X, =—(Q+CcATA)AT[A—ch]

Lk L L

[
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(I Why o = ¢ Works? - 2|

4(A) =§ K7QX; + 27 AX, +2 (AX; ~b)' (AX; ~b)

The dual function is

FEF O DL L

Lp T - AAX * LT
2[x Q+A"A+c(AX; —b)T A]x + = —E(Axi—g) b

-0

o
_4 gxﬁ _E(Ax;—Q)TQ=EDTQ+1(&—9Q)TAXZ

:Eb lg——(/i cbh) "A(Q+cAT A AT[A —cb]

Note that cb = cAx =4" and optimal solution to min% x'Qx s.t. Ax=b

_Vq

:>q(/1)——(/1 A)TAQ+CATA) AT (A A< f(X)

L L L L
[

= f(x ) as it must.
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘

37



FEF O DL L

38

(I Why o = ¢ Works? - 3|

Now consider steepest ascent iteration:
e = 2 +aVQ(L) = A +ah(x); X, opt. for 2,
For steepest ascent iteration
* * * nll *
(o= A (Gen=4) = =2 +aVq(A) | | A -2 +aVq(4) |
= (4~ A) [1+aviq] (4 -2)
Recall Vq(4,) = Via(4, — 1) to get the above equation
*|]2 *]2
|2 =27 <[ (1+aV0) ][4 - 4|
Let {w } be the eigen values of —V°q= A(Q+cA" A)™. The eigen values of
(I +av?qg) are {1l-aw)}= A
i’k+1 _&

maXx
A -2
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘

(1 + aV*q) = max Dl—aa)min | , |l—aa)max|]

*

=

< max [|1—aa)min |,|1—aa)max|] =r(a)

[
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Clearly, need O< o <1/ 2w, r(cr) “
optimal & = [1-a’@ 1

min

:‘1—050)

max

>l-dw, =aw, —1
2
(D + Do)

min

o =

2/(a)min:'l' a)max)
The eigen values o, and o, are related to eigen values A, and 4__ of (AQ*A")™

since (1 +cAQ'A") ' =1 —cA(Q+CcATA) AT

= —l-cw => o = — Note that AQ*A” <> Vh' [VﬁXLOTVh
1+c/ A C+ A = =
So, convergence occurs for 0 < a < 2[c+ A, |
Optlmal 0[* — 2 — 2(C + ﬂmin )(C + /lmax)
(a)min + a)max) (ZC + ﬂ’min + ﬂ“max)

—2¢|1- ¢ 4 P >2¢|1— ¢
(2c+ A +A c(C+ Ay +Am) | (2c+ A +A)

max )

[

AsSC—>o, & —>C

Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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N 4 (I When iS o # ¢ Better? l

d Whenis a # c better?
e Case 1: 4, | (AQ'AT) " | <0< A, [ (AQAT) ]
A

max

A, +C

min

= MaX
Z’mln

1- 11—

A +C

max

Ain +C

. . A=A
a=a =r(a)= i
Ain + A +2C

a:c:r(c):max{
- +C

|

( ) 2|ﬁ“min| 2|ﬂ“max|
lim ——— = max , <2
o r(a ) ﬂ‘max _/1min ﬂ“max _ ;I'min
The value of « = c is probably OK.
eCase2: A .. <A <0o0r0<A . <A

max —

:>||m ( ) max|:12|/1min| 2|ﬂ“max| :|22

e I‘(a ) ax _ﬂ“min ﬂ’max _ﬂ“min
= It is worth using optimal step size. Greater improvementas A .. — A.... [d'd
e For convex problems with 0< A . < A__, we have j :
. C 4
o 22{1— }:CSO{SZC r
Ain + A, +2C -
Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



Newton Iteration for Dual Updates - 1

O Second Order lteration
A =24 +[ VA2 ] h(X)

V2q(4) =-Vh' ()| V2L (x40 | Vh' (x))

XX —C

FFF oL L

S0, Ay, = Ay +B*h(X),
where B, =-V?q(4,)
Recall that V2 L (X, 4) = Vi Lo (X, A +6.h(x,)) +¢, Vh(x)Vh' (x,)

It is easy to see that

B = VI ([ VL (6, 40 ] VR | e

AN J/

V2p(uy) of the primal

[

Copyright ©1991-2009 by K. Pattipati
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O Geometric Interpretation

p(u)+%cku2

A = A +[V2 p(u,)+c,l :ng
= A +Cku+vzp(!k)gk
:ik +V? p(u,)u,

p(0) = f(x) "
Py (u) =pu,)+ VET (u)(u-u,)

slope — 4,

-
-
-
-

+%(g—gk)TV2 p(gk)(g_gk)

= VP (0)=Vpu,) -V pu,)y,
since 4, =-V p(u,)
= A =-VP,(0)

u
slope -4, /

=V’ p(0) //’

» For Quasi-Newton version, see Bertsekas’ book

L L L L
[
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Extension to Inequality Constraints - 1
min f(X)
s.t. h(x)=0, heR" I
g(x)<0, geR’

FEF O DL L

Convert the problem into an equality constrained problem:

min f(x)
st. h(xX)=h,(x)=...h (x)=0 I
0,(X)+2/ =g,(X)+2 =...9,(X) +2} =0

X* 1s a minimum of “I”’ if and only if

. . V2 . .
X andzj:[—gjo_( )J , 1 =212,...,risaminimum of "lI".

Primal Dual
min £ (x)+4ch’ (x)h(x) T Wed)

r whereg(u, 1) = min{ f (x) + 1. (x)+ 22
Sty e moSafowss) |
" i 20,00+ 2))° + A7)+ h (0h(0}  faa
st h(x=0 heR =min L (X, 2, 1, 4) o
g(x)<0, geR’ - - +
. - L
43 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Extension to Inequality Constraints - 2

Define v, = zf, then

g, 4) =min{ 1(x) + 4" (9(X) +V) +%(g(é) +V)" (g(x) +V)

FEF O DL L

+47 00+~ 0" (0h(0}
Key: For each fixed x, can find v_ explicity.
since v enters through only ET (9(x)+Vv)+ % (9(x) +v)' (g(x)+Vv)

in L. (X, 2, 4,4), we have

min £ (g(X)+V) +%(g(z) +Vv)' (g(x)+V)

=> 9,0 +y, ]+ 2,0 +v ) = P,

—> separable
dpP,

:>v’;>0:>—=0
dvj
. dP.

vV, =0=—1>0
dv

Copyright ©1991-2009 by K. Pattipati
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a Extension to Inequality Constraints - 3
" o ot
o The unconstrained minimum =v,; = _[Tj+ g, (g)}
a
& . 7z
| —Vj :max(o’_Tj_gj(ﬁ))
g,(x)+Y] = max(g, ().~ 1)
If we define
07 (%, 22,,€) = 9, (x) +V; = max(g, (x),. )
9, (X, 14,C) |
and g+ (E,E,C) _ g, (K’:ﬂzic)
| 9, (X, £4,,C) |
L (%0t 2) =Min L (.26, 2) = T(0+ 2" () + 20 00RO a
o |
+ng+(Lg,C)+%g” (X, 1,0)g" (%, p10) = 2
a
45 Copyright ©1991-2009 by K. Pattipati ‘ ‘ ‘ ‘ . ‘



Extension to Inequality Constraints - 4

@

d Alternative form for L (X, & A)

* * C
Suppose Vi =0= Pj :ﬂjgj(§)+§gj2(§)

FFF oL L

- ZiCI:ZIUngj (x)+ czgf(x)] - = Active constraints

= o[l veo, 007 -]

Suppose V; > 0= g, (X) +V; __H
c

* %12 C * 2\
= Pj :ﬂj[gj(X)-'_Vj] +E[gj(§)+vj:|
’ 5 ) > = Inactive constraints
__ M A A

cC 2cC 2C

[

Copyright ©1991-2009 by K. Pattipati
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a7

Combining the terms P, = Zic[{max(O, H;+cg; (X)¥ - yf]

) gj(X):)

Active ——

Inactive

Result: L, (x,4,2) = £ (x)+ 2" h() + ~ 1 (:0h(x)

r

#oo > ([max(0, 4, +eg,(x) | -4

2¢ 3

(e, A) =minLy(x, 4, A) = L (X , 11, A)
e Similar to equality constrained problem
e u; 20 and penalty function depends on

Copyright ©1991-2009 by K. Pattipati
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Extension to Inequality Constraints - 6

 Steepest Ascent Iteration

A = A +C0(X)

FFF oL L

£k+1 - Ek +Ckg+(5;’£k1c)
(Ek)j

or (ﬁkﬂ)i - (Ek)j + G max{gj(zz’ﬁk’c)’_

= maX(O, (Ek)j +Ckgj (X: ’ lLlj,C))
— Note that any inequality constraint such that g, (X, 1;,C) < _A
C

Is automatically inactive; else, it is active.

[

Copyright ©1991-2009 by K. Pattipati
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1Y Extension to Inequality Constraints - 7
o
: O Newton Iteration g’ :{gwive}
N ginactive
u —B 0 [Active + equality T i, ]
WA VgL ) = 1 - o
K 0 —<I Inactive ‘
* -1 ginactive - .
B=N"|V,L(X.4m]| N ] -
_ B _ _ M
L G
h
N=|vhvh,..vh,  VgVg,..Vg, h“““‘f:[g_t- }
i Equality Active Inequality ﬂ__ 2]
Newton Iteration = L} e = {ﬁ
&active . iactive + B_l 0 bactive _ &active + B_lbactive
Einactive Einactive O C ginactive Q
— set multipliers of inactive constraints to 0 e
— Treat active constraints as if they are equality constraints. 43
< d
o
_ — L
49 Copyright ©1991-2009 by K. Pattipati L LLELL



N 4 (I Saddle Point Theorem - 1 l

O Saddle Point Theorem for Inequality Constrained NLP Problem
min f (X) Same for equality constraints

st. g;(x)<0  j=L12,....,r XxeQ }except,1S have unrestricted sig
©Lagrangian: -y (x uy=f(x)+ Y 4,0,(x)
j=1

FEF O DL L

Also, minL(x, )= f(x") since x;g;(x")=0
Xe -
 Saddle Point Theorem:

LX) SL(X, 1) S L(x, 1) VxeQandu>0

L(x", 1) = F(x")=min L(x, 1)< L(x, ')

- 10+ 440, (x) < () since g, () <O

Also,
r a2
L(X", )= £ (X)) + D 249,(x7) < F(X)=L(x, &) since p; >0 j :
j=1
Y _ mi — al
f(x )—I’_)pelg ng%( L(X, 1) Minimax theorem -
- L

Copyright ©1991-2009 by K. Pattipati
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(I Saddle Point Theorem - 2 l

r f(x) if g;(x)<O0
since r2§5< L(x,,u):rL]Qg({ f (§)+jz_;,ujgj (x)}: j=12,...r

oo Otherwise

FFF oL L

o Ifwe let

g = max min L(X, H) < maxL(z H#)=L(z, ,u) eQ

#>0 xeQ

Taking min over z

q<f’

* f*: *

Also, f =minL(X, ,u) - q
xeQ

[

Copyright ©1991-2009 by K. Pattipati
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@ ' (l Summary l

Constrained Optimization Methods

Penalty Methods

Multiplier (Augmented Lagrangian) Methods
Duality and Convergence Issues

Extensions to Inequality Constraints

[llustrative Examples

[
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