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o Problem 1;

min - 2X, —4X, — X, — X,

st. X +3X,+x,<4

2% + X3 <3

X, +4X; + X, <3

X1y Xpy Xgy X4 2 0

a) simplex multipliers: 4" =c' B™

—[-2-4-1]

Reducedcost vector: p=c— A" 1 =[0000.44]

(1 3 0]
2 0 1

0 1 4]
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—[-2-4-1]

[ 0.04
0.32

Solution:

X, =1.24; X,
X; =0.52; X,
cost =—6.68

= Profit=6.68

=0.92
=0

048 —0.12]
-0.16 0.04

—-0.08 0.04 024

=[~1.28-0.36 —0.16]
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0 0.04 048 -0.12
: To find range of by, compute column y = (B™), 008 004 024
X X
: max (——2)< 8 < min (-2 Y Y, Y,
{yjy;>0} yj {yj1yj<0} yJ
max(—1.24/0.04,-0.92/0.32) < 5, <0.52/0.08 Solution:
— —2.875<6,<6.5=>4-2.875<4+5,<10.5 X =1.24;x, =0.92
—~1.125<h <10.5 X, =0.52;x, =0

max(~1.24/0.48,-0.52/0.04) < 5, < 0.92/0.16

— —2.5833< 5, <5.75=>3-2.5833<3+45, <8.75
— 0.4167 <b, <8.75

max(~0.92/0.04,-0.52/0.24) < 5, <1.24/0.12

— —2.1667 <5, <10.33=>3-2.1667 <3+, <13.33
— 0.8333<b, <13.33
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0 Problem1: rq64 048 _012° I 7

B'=| 032 -0.16 0.04 N =
—-0.08 0.04 024

_ O K
o o
o L O
~ O O

b) Reduced cost vector; p' =[0 00 0.441.28 0.36 0.16]

The cost coefficient ¢, can be reduced by 0.44 = Ac, > -0.44 =c, >-1.44 = orig—c, <1.44
To find allowable changes in ¢, for basic variables, compute BIN = (B™)N

-0.08 004 048 -0.12
BIN=| 0.36 032 -0.16 0.04

0.16 -0.08 0.04 0.24 Use [c +d,e/ ]B™a; <c,Vnonbasic |
_ : TR-1 o
max P _l<s < min B =06 B a;s¢;-4 3;=p,
ieNBV:(Ba;),<0 (B Q-i)l ieNBV:(B~a;),>0 (B gi)l
max(—%,—ﬁ) <¢, < min(%,@) = -1.33<9,<0.75=-3.33<¢, £-1.25=1.25<o0rig—-c, <3.33
0.08 0.12 0.04 0.48
_0.36 <0, < min(o'44 : 1.28 : 0'16) = -2.25<56,<1.222= -6.25<¢,<-2.778 = 2.778< orig —C, < 6.25
0.16 0.36 0.32 0.04 o
«d Jd
128 <0, < min(o'44 : 0.56 : 0'16) = -16<6,<0.67=-17<¢, <-0.33=0.33<o0rig —c, <17
0.08 0.16°0.04"0.24 4 d
< d
o
Copyright ©2007 by K. Pattipati .




EF O DL L

\’

J

o Problem 1:

¢) simplex multiplier vector: ' =[-1.28 -0.36 -0.16]
Af =" Ab
=—1.28Ab, —0.36Ab, —0.16Ab,
d)4f = xpAc
=1.24Ac, +0.92Ac, +0.52Ac,

Copyright ©2007 by K. Pattipati
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o Problem 2

primal :

X; = Number of processes of type i used, i =1,2,3
max f =38(4x, + X, +3X;) +33(3%, + X, +4%;) —51x, —11x, — 40X, = 200X, + 60X, + 206X,

X =0

= min —200x, —60x, — 206x,

X =0

S.t. 3X +X,+5X, <8=3X +X,+5%,+5 =8

SX, + X, +3X; <5=5X + X, +3X, +S, =5

Iteration1:

8
B=1;x, =M;,_1T =[0 0]; p" =[-200-60-20600]

5
Bring x, into basis. « = B™a, = {3};0 = min{§,§}= g = s, should go out.

Iteration 2:
50 1/5 0} 8/5
B= ‘Bt= 1 Xg = A = [ —206/5 0] T =[-382/5-94/5 0 206/5 0]
31 -3/5 1 1/5
. . ) 3/5 . 81 1
Brin into basis. « =B™a, = :0=min{—,—}=—=s, should go out.
& Shee - [16/5} U T J

Iteration 3:

3 5/ 3/16 5/16

1/16

5 3 5/16 -3/16 25/16
Bz[ ]Bl [ } { }/1 =[-215/8 -191/8]; p =[0-37/40215/8191/8]

Bring x, into basis. @ =B™a, =[

Copyright ©2007 by K. Pattipati
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o Problem 2
Iteration 3:
5 3 5/16 —3/16 25/16
B= B!= [-215/8 -191/8];p" =[0-37/40215/8191/8]
3 5 -3/16 5/16 1/16 =
. ) . 1/8 25 1
Bring x, into basis. « =Bta, = O=min{=—,=3}== should go out.
g X, (24 d, L/S} {2 2} 23)(1 g
Iteration 4 :
51 a_ 1/2 —1/2 3/2 T
B= ‘B Xg = ;A" =[-13 —47];p" =[74001347]
31 -3/2 5/2 1/2 =

Optimal. cost = -339M = Net revenue = $339M

b)c, > -274 = in terms of original problem —c, <274 = can increase by 74
o {—1 1/2 -1/ 2}

BN =

8 -3/2 5/2

= —206+ max(-74,-94) < ¢, <206+ 26 = 180 < —c, < 280
-60-26/3<c, <-60+min(37/4,94/5)= 203/4<—-c,<206/3

For gasoline price rise by p, the new coefficients are (200+4p, 60+ p,206 +3p)

So,need 4p<74;p<26/3;3p<74= p<8.67

c) A, =—47 = For original problem, dual price=$47.

Crude A: b, : -3<¢,<1

o o

Crude B:b, :—g < §,<3= can buy an additional 3M barrels. <4 d

o o

Since 47>40, should buy 3M barrels of crude B. oG
Beyond 3M barrels of oil, dual price becomes $10. So, 3M barrels is all one should buy. o
Copyright ©2007 by K. Pattipati .
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Problem 3:
Primal : Dual -

n

n n
erl(aO)i) ZZSU le rT/l"En ;ﬁl + ;,LIJ

i=l j=1

st. inj =1Vi St A+u; 28V, ]
L : =min » max (s, —u;)+ :
inj:lvj : ; j ( ij zuj) JZZ;IUJ

Lagrangian:

L({Xu} ﬁ“uu) ZZ(S'J _ﬂ’ :u )le +Zﬂ’ +Zluj

i=l j=1

st. x; €(0,1)
Dual : one of min imization

Q2 ) =LK H A1) = D max((s, - ﬂ)0]+Zi+Zﬂ,

i=1 j=1

Copyright ©2007 by K. Pattipati
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0 Problem 3:
b) If iisallocatedto j = x; =1. From CSconditions: 4, + u; =;

c) If iisallocatedto ] = x; =1and x, =0Vk = ] (Recall the constraints)
= A =S — M = Sy — My
= activity i is allocated to an individual that provides the greatest profit.

oYL L
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: o Problem 4 a:

. Primal ; Dual:

:

. min ¢’ x max A

s.t. Ax<b s.t. A
x>0

Equivalent Dual:
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0 Problem 4b:
: Dual
Primal : b n
max Y ix Y4
20 5o 7 . .
101 . 1] [0 10 .0
11 0
R I W A 4
T lo o011 11 1110
000 1] |1 111 1] |[n
— optimal solution : x” =[00...01] Optimal solution: 4™ =[111....1]

=If you want to maximize the mean of a discrete distribution such that the
probabilities satisfy the above triangular inequalities, put all the mass at x=n.

Copyright ©2007 by K. Pattipati
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o Problem 5;

Primal : Primal : Dual:
minc' x min c' (X +a) rggoxi (b-Aa)+c'a
Ax<Db AX <b- Aa A A<c'

oYL L
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o Problem 6:

Let A be an mxn matrix.

Ax<0=c'x<0<c =A"Aforsome >0

Primal : Dual :
maxc' X min "0

x = 420
st Ax<0 st ATA=c'

Farkas’ Lemma

P
<

a;
c

a

v

m

If the system Ax < 0 hasat least one solution and if everyfeasible solution

satisfies ¢’ x < 0, then thefirst problem has an optimal solution and the optimal
cost is bounded above by 0. By thestrong duality theorem, the dual problem also
has an optimal solution bounded above by 0 and satisfies the equality constraints.

On the other hand,if A>0and A' A=c', andsince optimal dual cost > optimal

primal reward (recall primal maximization), we havec' x <0

Copyright ©2007 by K. Pattipati
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Problem 7:

Consider minc' x s.t. Ax=b = Dual: max A'b st ATA<Cc'

x20

a) If k™ constraintis multiplied by x # 0 = no change in solution

m

New Dual : max » w,b; +wb, z
¥ =
}ik

5 A
st Y wa' +wa'p<c' = w =40 =k;w, :;k
=1

j=k

b) If k™ constraint is multiplied by x = 0 and added to r" constraint

New Dual:max > wb; +w, (b, +b, 2)
w4

J=r

m
st. Y wa +w.(a +a u)<c'

=1
J=r

=W =A4,1zKwW, =4 +1 u

Copyright ©2007 by K. Pattipati
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o Problem 7:
b) If 1 times the k™ row of A is added to c.

m
New Dual: max > wb,
wo o
- T T T T
st. > wa +wa <c +ua
i=1
ik

=W =4, 01KwW =4 +u
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o Problem 8: (4.7 of Bertismas & Tsitsiklis)

min max (a; x-b) = minz s.t. Ax—-b<ze
i=1,2,,.m =~ - -

*

a)p' A=0";p>0andp'e=1=p' (Ax-b)=-p'b<z =v.
b) The dual problemis :

max A'b max—p' b
o B = From the duality theory, the
S.L. &T A= QT pT A= QT Optimal cost is v
-Ale=1 pe=1
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o Problem 9: (5.2 of Bertsimas & Tsitsiklis)
a) Since B is a basis matrix, its determinant is non zero. For small ¢,

(B + 0 E) also has non-zero determinant (by Taylor series of the determinant).
Recall B+SE |5 B||1 +0BE |5 B|[1+otr(B™E)+0(5°)]

b) X, =(B+SE)*b=(1 +5BE)'B™'b

c)B™b>0= (B+J5E)"'b >0 for small 8. Also, dual constraints

¢'-A" A>0 = c¢'-c, (B+SE)™* A> 0Oforsmall &.

d)cs' Xs=Cg (B+SE) b=c, (I+5BE)"B™b
~Cy (1-6BTE)B'b=c' X —oA'X

oYL L

Copyright ©2007 by K. Pattipati




<
Q
-

o Problem 10: (5.4 of Bertsimas & Tsitsiklis)

—2
35-1
—2+160
| 30-1 |
Primal feasibility = 36 -1<0and —2+160<0= 0 <1/8.

) CLB(5) =[5 _1]{3+5 2} :[—10 7—5}

EF O DL L

2) B(5) = {3;5 ﬂ — B(5) b=

5 3 30-1 36-1
Reduced costs of x;, X,, X, and X, are:

5-155 1-35
=5 =0;p,=-1-——=0; p, =12+
P, 251 =0 P 2510 P

b=~ 2" S oif5<1/3
35-1 36-1

S0, 6 <1/18 for the basis to be optimal!
12-166
30 -1

10  365-2
35-1 35-1

>0 1f 6 <1/18§;

c) Optimal cost: ¢, B(5) b =

kL L
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