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What is the need for computing JeAsds, etc.?
How to get integrals from the exponential of a modified matrix?
Concept of doubling

Error analysis

@ ' (l Outline of Lecture 3 |
d
d
d
d
d

Application to system stabilization
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@ Why Compute Integrals of e 2 - 1

O What is the need for computing JeAsds, etc.? :
1) x(t) = Ax(t)+ Bu(t) if u(t) is piece-wise —constant over [ko, (k+1) o) Vk

- )_((k+1)=eA5§(k)+U05eA“Bda}g(k)

X(k) = x(ko), u(k) = value of u(t) in the interval [ko, (k+1)0).
Arises when we discretize a continuous LTI system

2) Covariance analysis of stochastic LTI systems
X(6) = Ax(t)+ Ew(t); Xe ()= E{(x(0)-(0)(x(1)-%(1))']

o
Xc (k+1)=eXc (k)er? + jo e EWETe" “do

o
S(5):j0 e EWETe” “do PDif (A, EW”Z) controllable .

Copyright ©2008 by K. Pattipati



@ Why Compute Integrals of et ? - 2

« Suppose want to model the continuous stochastic LTI system by its

discrete counterpart
x(k+1)=dx(k)+Tw(k)

[ N N N NS .

« Find @, I" and cov[w(k)]=W, > X4(ko) = X.(ko) at the sampled points,
where Xq (k+1)=DX,4 (k)" +TW,IT!

« Two possibilities:
(1) ®=e”, I'=1, Wy =5(9)
(2) @=e*, T=[S(8)]"°, Wy =1

« We will see in Lecture 5 how to compute square roots of positive
definite matrices

3) Integrals of the form [ 'e*”BB"e* “do are used to test the controllability .
of LTI systems and to solve the minimum energy control problem: a2

min—j u' g dt s.t. Xx=Ax+Bu andg(tf):o
290
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J—‘ Wiy Compute Integrals of e 2 - 3 l

Hamiltonian: %ng + 1" (Ax+Bu)

H/ou=0 = u+B'A=0 = u=-B"A

v (v unknown) = /_I(t):eAT(tf_t)

MHIlox=-1=A"A; 4(tf ):

T(+ _ t
u=-gTe" Y, o x(t; ) =e""x —j "eABB e ity
0

R

-1
_() BT ~ATt Ath Utf AtBBT Atdt} eAtf&)
0

-1

jtf eAtBBTeATtdt} ™" %,
0

Integrals of the form j' e °CTCe’do also rise in testing the
observability of LTI systems




@ Why Compute Integrals of e*' 2 - 4

5) Insampled data regulator problem, in addition to I"(o) and S(o), we
also get integrals of the form:

[ N N N NS .

M(6)= [ e"°Qr(o)do and N(5)=[ T (o)Qr(o)do

6) Performability models of fault-tolerant computer systems

.
Yo 1 =1' [IGQ tdt} Po

(0

e S0, need:
- T'(9)

.5
e Bdo
5 5
e™BB'e” °do or j‘ erocTce™do
Jo 0

—- $(9)
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(I Computation of I" and @ - 1 I

Computation of I'" and ®@: Method A
« Here dis usually small w.r.t 1/||A||, typically 0.1/||Al| or 0.2 /||A]|

U

5
° ‘sz. edo
0

So, Taylor series for eA“ is good, since ||Ad||<<1

S 2 2
‘P:j (|+AO'+AG
0

Then, ' = ¥B, ® = I+A¥Y

Input k to routine, k ~ 4, ||Ad|| = 0.1 = error = 1045/120 ~ 10965

Function c2d in MATLAB computes @ and I"

Widely used method in digital control a4

A52 +A253+ +Ak5k+l
3t (k+1)!

+...]da:5I +
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(I Computation of I" and @ — 2 I

O Computation of I" and ®: Method B
* de™/dt=Ae™; e | o=1 or d®/dt=Ad(t); O(0)=

{A B} @, r} ¢ ] {A BHCDl r

0 0 0 @, dt 0 0l|0 o,
. . 5 4
=Al+B®, = ['=Al+B= r:“ e"da}B
0

[ N N N NS .

N

eCt

(1,2) block of e“°

 Note: d need not be small with this approach, since we can use
shifting, scaling, and doubling techniques to computee®’ .

g
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« If we want I'(9), all we need to do is to find eC% and take I'(o) as the
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@ ' (I Doubling Equations for I" and ® l

« Approach
— Find M a(JIéa/zM Hsuz
— Let A=s/2M

A
— Find @, (A) and T'(A) by PADE or Chebyshev e"*, U eA"da} B
— Then use the fact that; g€t — gCtgCt
» Note: don’t need to carry all the elements

N {(I)l(Zt) r(zt)}{cbl(t) F(t)}{@l(t) F(t)}

0 I 0 I 0 I
{be(t) F(t)+<1>1(t)F(t)}
0 I
In place computation: d'3
T(2t) =T (t)+ Dy ()T (t) = 1 + D, (£)]T(1) -+
(Dl(Zt) - (Dlz (t) .

Copyright ©2008 by K. Pattipati
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@ ' (I Flow Chart forI" and ® l

O Algorithm for summing via Doubling

m=1 T'=T(A), &=

y

[ «[l+®]T
D) « DDy

m=m+1

ifm=M
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N E (l Practicalities I

« Don’t actually need to evaluate C¥ as an (n+m) by (n+m) matrix in
using Pade approximation. Some simplifications are possible!!

. [A B] . A B|[A B 2
é_ Q2. _|A° AB
0 0 O 0J]l0 O 0 0

ek Rk Y| L K= A Xo =

O O Yk:AYk—l’ YOZB

— need one n X n and one n X m matrix

X m 1 m
PADE eCA:[anék(—A)k] [anékAk}

k=0 k=0
» Use Horner’s rule = 3m matrix multiples

[5:{[)11 Dlz} N{Nn le} {Dll Dlz}{d)léA) F(A)}:{Nﬂ le}

[ N N N NS .

0 I 0 I 0 I

= solve Dj@(A)=Ny = Dll(d)l...q)n)l:(nl,,,gn)ll a
Dy4r(A)+Dyp = Nyp = Dy (Iy...Ty)

12 Copyright ©2008 by K. Pattipati
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(I Error Analysis - 1 I

« Same D, matrix.. Can exploit this observation using the LU
decomposition techniques of Lecture 4 for solving Ax=Db.
O What is the error made? (see Golub and Van Loan)

y —e™| < 20 (5)e”

o
F—I e°Bdo

<£50(5)e® [L+ad | 2]
0

3-2m[| & 2
where ¢ = (2 m)HCH(m!)

, £2|Epl|, Ep =errorin A

2ml(2m+1)!
_ Asll.  _
0(5)= max |e"[; a=|B]
= can control the accuracy of the algor5ithm via m. e.g., choose m to satisfy
AS r-| e*Bdo : :
HCDl - H < £5e® < TOL and k < g5e%° [1+as/2]<TOL |F 3
i i T

Copyright ©2008 by K. Pattipati
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(I Error Analysis - 2 I

Proof: Hd)l — eAaH = He<A+EA)5 — eMH < HeMHHeEA5 —1 H <(5)e5e”

see Moler and Van loan for a proof that A and E, commute

o o
r—_" eA“Bdc;:“ o(A*EA)o (g 4 EB)da—j
0 0 0

.5
= e(A+EA)GBdG—j
Jo 0
S
= e(A+EA)G—eA‘1Bda+J‘
Jo L 0

o
a1 Gi|

o o

eAGBdG+j
0

o

IA

5
‘eA"Hgae‘” |B||do + j HeA"ng‘95da
0

IA

0(5)eeacdo +60(5)ee®s

14 Copyright ©2008 by K. Pattipati




[ N N N NS .

15

Copyright ©2008 by K. Pattipati

' (I Grammian Type Integrals - 1 I

Closed form solution for idempotent matrices:

+ Alsidempotent = ¥ = 5(1 - A)+ Ale” -1); @ =1+A(e” 1]
o Use as test cases.

. s :
Computation of s =j e"Qe” “do, Q=Q' PSD= 4(Q)>0, orx' Qx>0 V x
0

A T
« All schemes use doubling concept, i.e., first find jo e"7Qe" 7do

where ||AA|| is small (£1/2) and then get _[jeAUQeATf’daby doubling
. | —A 2
« Consider C = Q . gt = D G
0 Al 0 @,
(bl = _Aq)l = (D]. = e_At;
G=-AG+Qd,; G(0)=0
T o d

by = AT, = I, () =e* ' =[ o (1) a3
- o d

t _ . T _ ‘t T
J‘ e At G)QeA T4 = Al AO'QeA o d o




Error Analysis
MUST MAKE THIS SYMMETRIC

S(a) = (4)G(4)

$(4)=5[ @} (4)6(4)+G" ()0, (4) ]

— Compute ®;(A) and S(A) from exp{éA}

[ N N N NS .

— PADE or Chebyshev approximation
O What is the error made?

D(A) —eMH < eAO(A)e™ same as earlier

A
S(A)—I e Qe? “do

0
A ; oA A :
PI’OOf:S(A)—j e"7Qe” “do = e(A+EA)U(Q+ EQ)e(A+EA) OFda—J‘ e"7Qe” “do

<A ()2 (14 aqh), aq =[Q

0 J0 0
A _
:J. |:e(A+EA)(7 _eAO-:|Q e(A+EA)To- _eATG:ldG I |
0 N e |
A A od 'd
eAO'Q|:e(A+EA)To- _eATg:|dO_+J' e(A+EA)O'EQe(A+EA)T ‘Ao -
0
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N5 (I Practicalities - 1 I

A A

A
co6® (A do + j 62 (A)ee?do

Take norms < j
0

s> gy 07 (A)do + j
0

0

i 2 2
— 6° (A)gez‘gA A+ %A ye A —an ]
2

2

<07 (A)ee”™ | A+ agA” |
O Computation of 2 can be simplified

k _
ék[(—1) X, RK} L X=X

0o X! Rk =—AR_1+QXy 4
 Need 2 n x n matrices X and R

m m
+ ComputeN = > nC'A'; D= ny(-1) C'A 1
i=0 i=0 iy
« Now, have [Dyy Dy, || ®@1(A) G(A) _[Nuz Np : :
0 Dyl 0 @A) 0 N, :
Copyright ©2008 by K. Pattipati ‘ . . ‘ ‘ ‘
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N E (I Practicalities - 2 |

. T T
Note D, =NJ,; N =DJ,
Dllq)l = Nll = Ngzq)l = Nll = Don't need (Dl
T
D11G + Dp®y =Njp = NG+ Djp®y = Ny
T
Dyy®y =Ny = Npjj®p =Ny
e SO,

Ax=Db

— Solve: N, @, =N, }
T
N22G = Ny — Dy @
— Form @ « @} (A)

s [ @] (4)6(4)+ 6T (a), ()| =2[(26) + (@6)' |

Copyright ©2008 by K. Pattipati
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a DoublingA

[‘I’” o)

Igorithm

"

(I Doubling Algorithm l

@)Mq)l " o)

G(24)=D1(A)G(A)+G(A)P,(A)= S(2 ( A)D1(A)G(A)+®} (24)G(A)Dy(4)
CDT(ZA) 2(8)0y(8)= S(ZA)=<D5( ) ( )+ @3 (A)S(A)®,(A)=5(A)+D(A)S(A)0" (A)
D(2A) < D(A)D(A)
m=1 S(A)<« %((D(A)G(A) +GT(a)a" (4))
S« S+dSD'
O—D.OD
m=m+1 |
«d o
NO it m=m .

Copyright ©2008 by K. Pattipati
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(I Series Method - 1 |

« Make use of symmetry = 3M/2 matrix multiplies to obtain S and @.

d SERIES METHOD

- Substitute Taylor series foreA”, ¢A @
« Multiply out, group terms involving ckand integrate:

A 2 2 T? 2
S:j |+AG+AO_ +...1Q I+ATo-+A O .. ldo
0 21 21

:J‘A(Q+(AQ+QAT)a+(A2Q+2AQAT +QAT2)C’22+...]da
/Cl AZ/CZ Ag/cs

—QA+(AQ+QAT)7i+(A2Q+2AQAT +QAT’ )—|+...
Sy Y | Y >

T T T3

Copyright ©2008 by K. Pattipati




(I Series Method - 2 I

Note: T, =[AT, +T,,AT]A/k with T,=QA = terms are easy to generate.
But, can’t sum forward since adding small terms to large ones

= round-off problems.

Would like to sum in a reversed nested manner.

N terms, N to be determined.

Can we do this? Yes!!

Suppose have a partial sum:

S :CN_2Q+CN_1[AQ+(AQ)T}+CN [A2Q+ AQAT +QAT2}

U !

[ N N N NS .
[ ) [ ] [ ) [ ] [ ]

AN—Z AN_l AN
N — 2! N -1 NI
« Multiply by A
S« AS+(AS) +Cy_3Q 1

—Cn_3Q+Cr_2(AQ+QA) +CN_1(A2Q+ AQAT +(A2Q)TJ+CN (..)

21 Copyright ©2008 by K. Pattipati
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(I Series Method - 3 I

 This pushes the series by one more term.
So, to compute S:

S=0C\Q

Fori=N-1,N-2, ..., 1

S=AS+(AS)"+C;Q

End
C, = Allil.
Precompute C; from C;,;, = CA /(i+1); i=1,2,...,N-1; C,=A

 Total # of matrix multiplications: N-1

0 How to pick N and A?

« Consider truncation error ~ ||norm of 1stneglected term||
2| AlA 2M|Al"
(N +1) (N +1)!
* So, if pick k 5 |[AA|| < 1/2 need 1/(N+1)!<10% = N=9 (gives 0.27 x 1008,
« If pick A 5 ||AA|| <1 need 2V/(N+1)!<10% = N=12 (gives 0.6 x 10) a3
« Also, need to compute €A, Use PADE or Chebyshev.

IE]=[Tna] < AN = ¢ machine accuracy

[Tl or [Tl

Copyright ©2008 by K. Pattipati



Yes (I System Stabilization - 1 I

O Special Case: ldempotent matrices:

« Ais Ildempotent = A2=A ;

- S(A) =QA+(AQ+QAT)(eA —1—A)+ AQZA (e2A 14 2A—4(eA —1))
O Application to system stabilization

 Theorem: if x=Ax+Bu is completely controllable, then u=-Lx(t) is
a stabilizing control law (i.e., 4,(A-BL) € LHP) with L = BTW-(t);

t T .
W(tf ) =jof e "BB'e " %do; t; ~ arbitrary ( .g., 2/ Amin|)

[ N N N NS .

e Proof:
i( ~AspRT oA 0') —A( Ao-BBTe—ATJ)_(e—Ao-BBTe—ATa)AT
do
T U d [ AcgppT AT
AW +WA :—J —(e °BB'e U)dO'
0 do 4 4
b . o |
— j ﬂdx— f f(a):—e_Atf BBTe_A " . BBT ey
e |
o
23 Copyright ©2008 by K. Pattipati ‘ . . ‘ ‘ :
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Yes (I System Stabilization - 2 I

W is PD by complete controllability, so that
—2BB" =-ww 'BB" —BB'W W
T _ AT
— (A— BBTW‘l)W W (A— BBTW‘l) — e MigpTe™ Y _BBT =_Q
AW +WAT =-Q
since W >0 and Q > 0, by Lyapunov stability theory
v(x)=x"W™x isa Lyapunov function

A AT
and 4 (A)e LHP ife™"'Qe " ' 2 0 forall t. AW +WAT =—Q
thus, it is sufficient to show that e=AtB 0 WA+ AW = wiow ™
if e MB=0 = BRB...RHB} =0 which contradicts the complete
controllability assumption. 13

dv(x)/dt= —x"W QW 1x <0 proving that v(x) isa Lyapunov function.  |iy

Copyright ©2008 by K. Pattipati
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(I Alternate Forms I

O Alternate form for W(t,)

t T
W (tf ) —e M “ f eA‘jBBTeAT"da}eA '
0

1
T t
=Wt ):eA t “ feA"BBTeA‘TGda} e

0

O Corollary: if system is not c.c, then u=-Lx(t) will stabilize only the
controllable modes, with L = BTWT(tf )

where W T is the pseudo inverse of W with the property:

whww T =wT; wwiw =w

T T
(WTW) :(w’fw); (WWT) :(WWT) 12
e |

We will discuss the computation of pseudo inverse in Lecture 7. : j

Copyright ©2008 by K. Pattipati
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Yoz - (I Bass’ Method I

« Def: A system is stabilizable, if there exist no uncontrollable modes.

« Corollary: if a system is c.c, use of

j@

W(tf,ﬁ)=jo e (ArB)ogRT e (AAI) o

will result in closed loop poles to the left of -5

y4

1) Choose > = \/ZZ a +a;i) , Gershgorin and Bendixon

theorem then —(A+ 1) is stable.
2)  S>|A| then —(A+ 1) is stable.

L=B'w™

—(A— BBTW‘l)W —W(A— BBTW‘l)T _2BW =0

Copyright ©2008 by K. Pattipati

(A— BB'W ‘1) will always be stable from the 2" method of Lyapunov.

if (A;,B) is controllable, then AW +WA] =-2BB' has a PD solution
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Eummary of Lecture 3|

Need for computing JeAsds, etc.?

How to get integrals from the exponential of a modified matrix?
Concept of doubling

Error analysis

Application to system stabilization
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