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Models of Sampled Data Systems

1. Digital Interfacing
« Signal Conditioning
 A/D and D/A converters
2. Signal Sampling and Data Reconstruction

« Impulse sampling model; Nyquist theorem; Aliasing and
Interpretation
« Signal conditioning circuits
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3. Discrete Equivalents: State-Space Approach
« Discretization algorithm

4. Discrete Equivalents: Transfer Function Approach
* Relation to original continuous system

[

Model Modifications with Delay in Control
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N5 rl Digital Interfacing l

« The system outputs, set points, state variables and control signals are typically
"analog" or continuous variables

FEF O DL L

« For digital control, the sensed and conditioned (i.e., amplified, attenuated,
isolated, multiplexed, filtered, compensated) system outputs, state variables
and set points are converted from analog to digital form using A/D (or ADC)
and the control sequences from the micro-controller (computer) are converted
from digital to analog form using D/A (or DAC) prior to applying them to the
actuators of the process or system

{r(kh)} {u(kh)} u(t) y(t) OR

PROCESS OR
SYSTEM X(1)

r(t)
1 AD[*P|aLcorITHM |-e—= D/A -

MULTI- zl N COMPUTER

PLEXER

Analog electrical signal for Analog electrical “image”
control (e.g., armature of the physical variables
voltage, source frequency,...) || (position, flow, pressure,...)
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AIGND

1
ACHOD | 3
ACH1 | 5

7
9

ACH2

ACH3

ACH4 |11 (12

ACHs |13 (14

ACHs | 15|16

ACH7 |17 |18
AISENSE | 19|20
DACI1OUT! | 21|22
AOGMD | 23|24

DIOD | 25|26

DIo1 |27 |28

Doz | 28|30

DIo3 | 3132

DGND |33 34

+5V | 35|36
EXTSTROBE* |37 |38
PFI1/TRIGZ |38 |40
PFI3/GPCTR1_SOURCE |41 |42
GPCTR1_QUT |43 |44
PFIGMFTRIG |45 |46
PFIB/GPCTRO_SOURCE |47 |48
GPCTRO_OUT | 48|50

50
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outes signal to specific
pins of DAQ

AIGND

ACH8

ACH9

ACH10

ACH11

ACH12

ACH13

ACH14

ACH15
pACcooUT?
EXTREF2

DGND

DI04

DIOS

DIO&

DIO7

+5V

SCAMNCLK
PFIOTRIGT
PFI2Z/CONVERT*
PFI4/GPCTR1_GATE
PFIS/UPDATE"
PFI7/STARTSCAN
PFIS/GPCTRO_GATE
FREQ_OUT

In connector

50 or 68 pin :
device connectgr Mot_nle
Device

Cable

‘ | anle PC
""""" Internet

* Analog I/O Micro-
* Digital /0 Controller(s

 Counters

» Bus connections (PCl,
PXI/CompactPClI, USB,
ISA/AT, PCMCIA,
1394/Firewire)

* DAQ Input Configurations

— Resolution/Accuracy

— Range

— Gain

— Code Width 14

— Mode: typically differential to reject d'a
common-mode voltage and common- a0
mode noise. Two channels used for each d
signal. :
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Vout = A(Vb _Va)

A =open —loop gain
Ideal Op- Amp:

1. A=0o=vV, =V,

2.InputResistance ~ o | Negative power O 4
3.OutputResistance ~ 0 supply (-12V)

Summing amplifier

O c1> s
oo ] 7 Positive powgr
Inverting input 2 741 7 supply (+12
Non-inverting input O 3 6 Output
54
Comparator
+
+
Vref
\"

min[A(V, =V, ),12V] =12V if v, > v
° I max[A(V, -V, ),—-12V]=—-12V if v. <V,
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Recall A is big! Useful in Temperature Switches.
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= O\
o
J - - - -
a3 « Dual Input Differential Amplifier
1 Rl \Vj R2
1 VWN_L | -
[ +
. A ~l+12v
_T Rl
+
# r NP
Vo
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- (l Back to Basics: Op-Amps - 2 l

Vl_V:V_Vojv_oz_ﬁ_Fv(i_Fi)
Rl RZ R2 Rl RZ Rl
Vo -V _ V. V_2_V(i i)
R R R R, R

R, «~ Gain
:>v0—(v2—vl)—

R,

Know
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14 ¥z 2 Why Amplify Sensor Signals Prior to Conversion?
d
: « Helps with Code Width of DAQ System
o — Smallest change in the signal that the DAQ system can detect
: — Function of gain, G, A/D resolution (number of bits of A/D, b), range of signal to be
5 digitized, V., - Vin (€.0., 0-10V, -10 to +10V)
Code width = Jmax _mein
G.(2° -1
— Uncertainty in your measurement after A/D, U = Code width/2 (recall how you round-
off numbers!)
« Thermocouple Example
— J-type thermocouple (measures 0 to 800° C) has sensitivity of 0.052 mv/deg C for 20-
300 C.
— Consider a 16-bit A/D withG =1 and V,,, — Vi, = 10V.
— Code width = 10/65535 = 0.153 mv = uncertainty in measurement, U = 0.076mV =
No Good
— Adgain of 100 will have a code width of 1.53 pV/deg C and uncertainty, U of 0.765 4 4
uV/deg C j :
SR
You will also be filtering signals prior to conversion. We will see why later. a
W
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L 3 ) %
e Some Basic Concepts in Signal Conversion
* Resolution
— Determines how many different voltage changes can be measured
— 16 bit-resolution = 65,536 levels = 4-5 digit accuracy
16-Bit Versus 3-Bit Resolution
5kHz Sine Wave)
1000 .................
g;g .................................................... 1.6-Dit FRSOMITHOM v eererrerrrrrerrrienaens
Amplitude 25(5) ¢ ... 3-hitresolution
(volts) 375
2.50 I | B« T
1.25 -
0! Uyy | |
0 50 - r&.??..c\ 150 200

7

* Range
— DAQ devices have different ranges available (0-10V, -10V to +10V)
— Smaller range = more precise representation of your signal (It is like selecting a scale

for your plot!)
« Gain d '
— Gain setting (typically 0.5, 1, 2, 5, 10, 20, 50, or 100) allows for best fit in A/D range j :
— For required measurement uncertainty, U, gain, G is set via G2V (2°-D)| faw
Vmax _Vmin o
_ — "
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: rl Some D/A Converters l

Simple minded: Use summing amplifier

— Wide range of precision resistors
— 16 bits = 21> = 32,768 range

B,_,+ By + Bb,f + |y
v, = 2 2 B = bit |
B, B, 2
R R
1 b
Full scale value (FSV) = [1—[Ej jvref

R-2R Ladder D/A Converter
— V;=V;,,/2;1=0,1,2,..,b-1; v, = -V
— So,

1 1 1
Vout: E—F?—F—F? Vref

b
Full scale value (FSV) = {1—(£j Jvref
2

4
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L)
1Y, Ladder Comparison A/D Converter
J .
gy Ladder Comparison (Ramp) A/D Converter
o Both comparator
Sample output and start Input clock
L Point line normally high  pulses
| Vg v . Comparator Juun
| s
- Start pulse resets the Start
counter and blocks line
clock during reset. At AND
Y A R - end of start pulse, the
counter starts.
Comparator ¥ Reset
output o
- B counter Cheap, but slow
; Digital j-e- Clock
..i.... ...V L —to— —
{ ' S = G+
! When the digital ramp Analog -
D'i‘ct ! output of the DAC Conv. [ After
o reaches fle sional Counter increases voltage Tocei,
Sample | Voltage Vs, the f DAG unil it % Digital
: time : comparator goes low, ?huet ?nput sar#;r)llttle Jo[fifei Systems
Start [],— t : stopping the count. s
pulse + C > :‘ T
« Apply analog voltage to +ve terminal of a comparator and the output of D/A converter to —ve [ 4
terminal 4 d
- - - - J J
« Output of comparator triggers a binary counter which drives the D/A converter a0
« When the D/A converter voltage exceeds analog voltage, counter stops and outputs the code :

ight ©1994-2012 K. Pattipati
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don’t exceed V|

» Works well in practice

12 Copyright ©1994-2012 by K. Pattipati

e D) 0

The control logic increments
bits, starting with the MSB

4
4
: » Successive Anoroximation A/D Converter
- To control VY
: |Og|C Compgrato'r
W
MSB
crom T2 Digital
control 2= —to-

logic —* D, ——s{ Analog

Converter

MSB is set but
it overshoots Vg
and is reset.

=J Qb

/

Conversion is
finished when
process has
cycled through
all bits.

Next bits are set in
succession and held if
they don’t exceed V¢

» Check if voltage corresponding to MSB > V.. If itis, set next bits in succession and see if they

* When the D/A converter voltage exceeds analog voltage, counter stops and outputs the code

Lk L L
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NI & rl Flash A/D Converter l

d
d
S Flash A/D Converter
o +10V Comparators
: « Basically, a truth table that coverts the ladder of 3K
- inputs to the binary number output
» Fastest type of A/D converter available 1K
* \ery expensive
1K
Q MSB
I
1K D_:I '
O ,
1K S N
> Digital
L output
1K
1K «d d
d '
a3
1K 4 'd
o
L
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At (l Mathematics of Signal Sampling l
: We will examine the sampling process from a mathematical viewpoint.
1 h = sampling period or time step A/D guantizes (not a major issue
: f = sampling frequency = number of samples/sec = 1/h| jf h = 16, 24, 32) and samples
o, = 27/h f
s f k
f f, = f(kh) = sampled value of f(t) at t = kh
- ’ ’ —»1
0 h 2h t, = kh
The problem here is that sampling a signal loses information, namely the points in between
(k-1)h and kh.
So if we sample too slowly - we lose information
If we sample too fast - we overwork the computer
Major questions are -
(1) how fast to sample so as not to lose information? and
(2) how to reconstruct the signal f(t), or an approximation, from {f,}?
"Impulse" sampling as a mathematical model:
J
(1) /\ X F
e bobt ! :
Impulse ! : : d
Sar?wpler o| h 2h Area of impulse k is f,. ¥
L
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& (l Impulse Sampling l

f (t) = f,6(t) + fo(t=h) + f,5(t=2h)+---

can be written as

f*(t) _ f(t) _ m*(t)"_ periodic train of unit impulses —oo <t <o

The signal f*(t) is not "real™ but when an impulse sampler is followed by a suitable transfer
function Hy(s), we can model almost any practical sampling situation. \We are really going

from f(t) to f (t)viaf™(t).  f(t) \JF(0)

Hys) — ™

: 1 ':I
Ex. If impulse response of H, is =

0¢&
and we get as output a pulse train.

f(})h f(t)
N DL

height of pulse @ kh = f,

N\ 2 0 2n 30 [I

} ' \\/ of n || [ 4n

s &
If & = h the transfer function H(s) is 1-e” : ==
f(t — This is a "sample-and-hold"
3h [ - and is the most common form

' ‘ of sampling process plus
h 2|h_:— data reconstruction.

15 Copyright ©1994-2012 by K. Pattipati
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Laplace Transform of a Sampled Signal

Take Laplace transform of f(t) 2 F*(s)
Fi(s) = [ £ (t)edt = f, + fe™ + f,e™ + -
As an aside, since z'1 = g

(s)= i fz™
k=0

where F(z) = z-

FEF O DL L

- F(2),

z =g

— esh

We wish to examine the relationship between F*(s) and F(s) = Laplace transform of f(t),
and between

S (jew) ="Spectrum" of f(t)=|F(jco)|2 and S_. (jw)="Spectrum” of f(t)=|F"(jo)

The spectrum indicates where F( Ja))|
a signal has power. (Asine
wave has impulses at +w,) , — ®

‘2

~Wrnax Opax

To find L[f(t) - m*(t)] first use Fourier series to get a different way to write m*(t). Recall,
if a signal x(t) is periodic with period h, x(t) = = Z ce"t o = =2

. i e
where the Fourier coefficients,c, = | x(t)e "™ dt.

ight ©1994-2012 K. Pattipati
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Apply Fourier series to x(t) =3(t)
=cC = Iohé(t)e‘j”“’stdt =1 foralln
So, an alternate representation of m*(t) is

FEF O DL L

Thus,

F™(s)= L[f*(t)]:%ni L[ (t)e"™]

Using the relation L[x(t)eat] =X (s—a),

F'(s)==> F(s-ine,) —— F(jo)

AT AATTTATATTTATTTTTTTTT TR

e ) o * 1 )
m*(t)=% _Z glnet =%[1+Z_;2cosna)st] and (t)=ﬁ 2. f(t)e"™

A

h=0.05;
omegas=2*pi/h;
t=[0:0.001:2];
delta=1/h*ones(size(t));
for i=1:100

plot(t,delta)
pause
end

delta=delta+2*cos(omegas*t*i)/h;

max O max

. 1 2&
m (t)=—+— ) cos(hw.t

oy =, /2=r/h

at least twice the highest frequency @, in the signal, o, > 2w, ,,

Nyquist Result: If original signal f(t) does not have any frequency components > o, /2

we can (in theory) reconstruct/recover f(t) from f*(t) using an ideal low-pass filter.
is called the Nyquist frequency. Thus, one must sample f(t) at a rate that is
(or @y > @,y )-

17 Copyright ©1994-2012 by K. Pattipati

L L L L
[

dannnnn



 Suppose Hy(s) =

Ho(Jw)=e"‘”“/{

S
ejwh/Z _e—jwh/Z

}:

(8)

184 Recovering f(t) from £ (t)
d
d
Assumew, > 2, .
J S max * f t . .
F O NOREHF e ) - HoF
W% - Inideal case: IHo (i)
L =
N i If [H,(jo)| is as shown thenf (t) = f (t)and the signal
o | is recovered from its samples. However, such an H,
~0,/2 0 /2 is unrealizable.
1-e™"

,i.e., f isasample and hold (zero-order hold)

e—jwh/Z .h (

sin wh/2

|

Still get some

18 Copyright ©1994-2012 by K. Pattipati
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hisgh frequency scomponents in f(t). Other signal reconstructors H,(s) are possible
(e.g., polynomial interpolators) but usually are not worth the added complexity.
The zero-order hold is the most common form of H(s) in digital control.

4\

jo wh/2
= |H,(jo)=h S'”E’/hz/z . 4H,(jo)=-ah/2 (delay of h/2 sec., for & < 2z/h = ,)
w
This is an approximation to an ideal LPF. Hy (jo) !
n=-2 n=-1 hin=0 n=1 47 n=2
e—‘/— ‘\! l/I ‘\\: | :J/I } | } ";.1 )
) | o2 0 w2 | A
(0)

L L L L
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- | Aliasing |

Typically, o, ~10-30a,,, An interesting phenomenon happens when ,/2 < w,,, In this case
the components of F (jo— jnw, Joverlap in S_. (jw)and it becomes impossible to recover f(t).

In addition, the sampled signal *(t) has power at frequencies not present in the original signal f(t)!
Ex. f(t)=Asinat and we sample at o, < 2a,.

n =-1 n=1
-2 ke \ ‘ ’ n=2

: A :
&
T X T
H L] H
: s :
H ] H
: \ :
H ' H
Il H 1 H H

— 1
! Do —o+ @y 0, -0y, |

-2, — @, 0 @, 20,

F*(t) has a low frequency component at (@, —a@,) .

J U [\/\)ﬂi

The original signal is "hidden”, sampled signal is an "alias". The low frequency signal does not
really exist in f(t), but will exist in f (t) since Hy(s) is a LP filter.
Ex. Sample a signal f(t) that has frequency components at f, =0.1 Hz, f,=0.8 Hzand f; = 1.4

Hz using f, = 2 Hz (note Nyquist says f, > 2.8 Hz). What are the first 5 positive frequency
n=1 n=2

19 21 39 41

12> 28 3.2 48

3.4 26 54

ight ©1994-2012 K. Pattipati
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n

o
i
o

o
—
o
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components of sampled signal? f
1

—
N
-]
I
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that asignal of 1 Hz is an alias.

FEF O DL L

t=[0:0.001:2]

f=sin(2*pi*4*t); % continuous signal
t1=[0:0.2:2];

fl=sin(2*pi*4*tl); % sampled signal at 5SHz
f2=sin(2*pi*tl); % Alias signal 1Hz
plot(t,f,t1,f1,*" t1,-f2,'0") % note negative sign

20 Copyright ©1994-2012 by K. Pattipati

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

Let us take a simple sinusoid of frequency 4 Hz and sample it at 5Hz. We will show

0.2

:
0.4

1.2

* sampled signal
o aliased signal

:
14

4\
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e J—| Interpretation of Aliasing in s-Plane l

d
d
1 jw
r J
. > {iez/h =,
Nyquist Frequency
. iz/h =jo 2 <
PRIMARY 0
STRIP / X - Indicates frequency of original signal
—1i7z/h ) . ]
2n/h 3 iz/ ® - Indicates alias frequencies
L x ) .
e 1 j2z/h All points 12;”\' apart, give same z;.

After sample and hold (or other type of reconstructor), we pick out
predominantly those signals in the primary strip, —z/h<w < z/h.

Since the aliased frequencies are not "real", i.e., not in original signal,
any controller aimed at reducing the "observed" oscillations will fail.

« Aliasing effects will be observed in
- frequency folding in s-plane
- time response
- Fourier spectrum

L L L L
[
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At (l How to Avoid Aliasing? l
49 . There is noway to fix f*(t) after you have sampled. So, you must assure that the signal to
: be sampled has no frequencies higher thanw, = =/h .
N But, real signals have power in [0, o] (with caveat). -
W = Prefilter the signal f (t) before sampling (anti-aliasing). | Typical G (s)= @
L L N\ f s° + 2lw,s + o
f(t) —»| G{s) P2 1 H.(s) —» f(t
® f olS) O g“:ﬁ (Butterworth Filter )
Low-Pass Filter Data Reconstructor 2
Usually picke, ~ o, /2=r/2h to be safe, but beware of using a G(s) in a feedback loop due to
added negative phase shift that reduces ¢,,. Some authors suggest »,/1.28 ~ 0.8 @y = 0.4 o,
EX: f(t) = 1.1 sin0.4t + 1.2 sin3.45t~ signal + high frequency noise. Sample period
| h =2.0sec => o, = 3.14 and aliasing will occur.
3 37T - 3] £ (K
2 ] 21" f(k2 L 2] 1(K)
L no 1 o 1 1"
0 | — 0] L 0]
1 preflltermg_l—_ " . . 1]
D 21 ) -2’ 4]
3T T T 3 3 d'd
0 10 20 30 40 50 60 70 0 10 20 304050 60 70 0 10 20 3Q 40 50 60 70 [y ny
Prefilter f(t) using a 2nd-order Butterworth filter / 43
with @; = 0.785 and then sample the output, f,(t). .
29 Copyright ©1994-2012 by K. Pattipati ‘l‘ ‘ ‘ ‘ . :



: [ How to Avoid Aliasing?

O
o
: Ex: f(t) = 1.1 sin0.4t + 1.2 sin3.45t  signal + high frequency noise. Sample period
N h = 2.0 sec => @Wq= 3.14 and aliasing will occur.
W % nearly-continuous signal "o “ “ “ “ “ “ 28
| delt=0.1; Az I
L | t=[0:delt:70]; |
n=length(t); 05
ft=1.1*sin(0.4*t)+1.2*sin(3.45*t);
plot(t,ft) of
pause
% sampled signal i
kt=[0:2:70]’; A
nk=length(kt); 2l
fk=1.1%sin(0.4*kt)+1.2%sin(3.45%kt); for o 2o oo L L L
plOt(kt,fk,'O') 0 10 20 30 40 50 60 70
pause 5 : : ‘ : : : 25 : : : ‘ : :
numgf=[0.785"2]; ok %o
dengf=[1 2*0.707*0.785 0.785"2]; i o ° 0® oo o3 1sfo B .
gfs=tf(numgf,dengf) ° o . 1 o,
[y,t]=Isim(gfs,ft,t); o T oo ol © ° o
pIOt(t'y) o ’ B © ’ oo o o
pause ’ . % e
% sampled signal st . o oo o L J'a
h:2_; I sl o
kt=t([1:h/delt:n]) ir ° %o °o °° 1 4L o Oo - :
f1=y([1:h/delt:n]) , , , , , , 28
plot(kt,flllo') 1.50 10 20 20 20 50 60 o 0 10 20 30 40 50 60 70 ‘
o
_ — "
23 Copyright ©1994-2012 by K. Pattipati ‘l‘ ‘ ‘ ‘ . ‘



(l Antialiasing/Aliasing Examples l

4 R oY
4
: « Example 1: Consider N = 1024 data points from a signal sampled at 1ms interval (h = 0.001 seq).
3 « Sampling frequency , f, = 1000 Hz = 1kHz = o, = 6280 rad/sec
: «  Nyquist frequency, fy, = 500 Hz = @y = 3140 rad/sec
Ny  Antialiasing filter frequency, f; = 250-400 Hz = @y = 1570 -2512 rad/sec
« If you did discrete Fourier transform, you will get 1024 points representing frequencies
(k IN)* f; k =0,1,2,..N-1. These are also called spectral lines.
 Spectral line separation = f, /N = 0.9766 Hz.
« For anideal filter with cut-off frequency of 250-400 Hz, keep the first 244-391frequency
components (i.e., set the rest to zero) as the useful spectrum and then do an IDFT to
recover the noise filtered signal.
« Example 2. Suppose you have a sinusoidal signal of frequency 10 Hz and you sample it at 50
Another sinusoidal signal of the same amplitude, but higher frequency, f was found to
yield the same data when sampled at 50Hz. What is the likely frequency, f ?
Sampling frequency , f, = 50 Hz _—
Aliasing frequencies =nf, £ 10 Hz. d '
So, f = 40Hz, 60 Hz, 90Hz, 110Hz,.... i
o
C ight ©1994-2012 by K. Pattipati ‘
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i

<A

==

+
<
[EEN
N
\
+

A
\
/I

o

V. (S)|;V1(S) (U (8) —V,())Cs = vi(8) % 08)

Vl(s) ;{Vg (S) =V, (S) Cs=> v, (S) = (1—|— RCS) v, (S) (2)

Vo (S) - KVz (S) (3)

= V,,(5) = (2+ RCs)v, (s) — (1+ KRCs)V, (s)
=((2+RCs)(1+ RCs)— (1+ KRCs)) v, (s)

25 Copyright ©1994-2012 by K. Pattipati

Sallen-Key Low Pass Butterworth Filter

K /R*C?

S™ + St+——3
RC R°C
Ko’

—_ n

sP4(3- K)o, s+ w?
For £ =1//2,K =3-/2 =1.586

In general, Butterworth
low pass filters have flat
frequency response . For

order p
G, (0) d J
|Gf(a))|: T J'd
J [a)J .
1+ — 3
C()n o
L
“lllllll



Ne 2 [ Sampling for Accuracy

4
4
4 « For asingle sine wave, Asin ot , Nyquist criterion says use more than two (2) samples/period
4
g (e, > 2e,) but reconstruction error using a zero-order hold is terrible ==> we really need to
L sample at a higher rate.
: If we use a sample and hold with N >4 samples/period, thenh =27/Naw, and @, = Na,.

Case 1: Asin Case 2:

I\ d 2y ||
h/2 k
h
/ K Asin(m,h/2)
€ = ASiNyh
max relative error = Asin (Zﬂ/N) =sin (27;/|\|) max relative error with h/ 2 shift
2Asin(z/N _

. 15 = (7/N) _ 2sin(z/N)

s ) A

E = rel error Case 1

2 1.0 - rel error Case 2

<

© J

g 0.5] Usually we try for @, =(10 — 30) @, :

é ' when using a signal reconstruction criteria "

0 N 40 :

26 Copyright ©1994-2012 by K. Pattipati ‘l‘ ‘ ‘ ‘ . ‘



we must have A; within primary strip in the s-plane, i.e., | Im (&) | < /h.

FEF O DL L

« State space representation: If A, A,, ..., A, are the eigenvalues of A, then to avoid aliasing

An approximation: | A, (A) |~ || Al because | A (A) |<||Al| for any norm

+ Relation to Closed-loop bandwidth: wg,y, in rad/sec = f 5, = ©gy /27 In HZ

1 1 1 2
= <h<

<h<
301y, 15f,,  Swgy Sy,

_ largest eigenvalue of A~ s-plane

More manageably,| A; | < n/h 1=1,2,...,n spectral radius) Jo

.., poles within circle of radius n/h.= h ., =/ | A (A) | T ———  1/h
i \

This is too high a limit from a control viewpoint, instead we seek \
S | (0)

h< ¢ Aa(A) [ withc=0.2t0 0.5 (1/6 — 1/15 of Nyquist sampling intgrval /
rimititit . _ 7t/h

Primary Strip

- Relation to Rise time, T,: about 10% of the rise time = h~0.1T,  |Aruleofthumb: T, ~—

1

BW

_ Need to experiment with 4

« Gain cross over frequency, O, different values of h od
0.15<haw, <05 during design j :

@, is an approx. measure of closed-loop bandwidth = 12 to 40 timesf, =, /27 N

L

27 Copyright ©1994-2012 by K. Pattipati ‘ ‘ ‘ ‘ . ‘
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Valve

F_’_@f T .

eedwater i to boiler

to Problem: Backlash in the valve positioner
condenser ===> oscillations in pressure (P) and temperature (T)

— = 211 min i N l

Pump

FEF O DL L

> -
Continuous recording of Pt Sampled recording of T t

Pressure and temperature are coupled, and should oscillate at the
same frequency! What happened?

Sampling frequency, o, = 2r/2 =3.14 rad/min

Pressure oscillation frequency, o, =2m/2.11=2.98 rad/min

Lowest aliasing frequency, o, —®, =0.16 rad/min = T = 38min
Conclusion: The sampler did not take this course!

ight ©1994-2012 K. Pattipati
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4 [ o Ve

o |

. {r(kh {u(kh)}

4 ((t ! = u(t) y(t) OR
a {O->Tap ALGORITHM [~—= D/A|——| PROGESS OR X(t)

. I—I\/TULTI— {¥(kh)} compUTER

: PLEXER

The computer algorithm generates a sequence of values u(kh) from the discrete samples
y(kh) and r(kh), or from e(kh) = r(kh) - y(kh), e.g., u(z) = H(z) e(2).
Process Model - continuous inputs and outputs
transfer function or State-Space Model
G(s) <+ X=Ax+Bu, y=Cx+Du
Computer outputs values u(kh) and at some time later sees the response y(mh). The computer
"puts out" samples and "sees" samples, i.e., it sees a discrete system from u(kh) to y(kh)=G (2).

Redraw loop from computer's view [eg., u(z) = H(z) e(2)].

! u(kh) y(t
ALGORITHM L. [ SYSTEM/ | o (kh)
AN 7
DIGITAL /<:>/( COMPUTER N -
ADDITION \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ G(Z)

L L L L
[

WHY? =>1. to enable analysis as a discrete FB loop
2. to enable design of a discrete H(z) vis-a-vis discrete G( )
3. We are "controlling" G(z) not G(s).

ight ©1994-2012 K. P
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& (l Discrete System Time Signals l

Typically there will be delays in the loop

- computational delays 1 lump as some
- measurement delays r equivalent
- process delays delay ©

Assume: D/A s a zero-order hold ; All A/Ds are synchronized

Consider signals around the loop

via process
I via D-A —T—T—L dynamics //\\

(k-1h kh (k+1)h (kDh Kkh (k+Dh (kDh Kkh (k+Dh
u(kh) from computer u(t)output of D/A (zero-order Output of system, y(t)
algorithms hold) = input to system e = sampled values output of A/D

input to algorithm

Definitions
y(k) = y(kh) = sampled values of y(t) at time t = kh

u(k) = u(kh) = values of uf) computed by algorithm using the samples 4 4
y(kh) and r(kh); output from computer at time kh*, 4 4

if there is no computational delay 4

==> u(kh) = values of system input over [kh*, (k+1)h] 4 :
W

C ight ©1994-2012 by K. Pattipati
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Yo Model for Equivalent Discrete System,G(z)

1. System defined by state equations, no delay
2. System defined by transfer function, no delay

3. Modifications to 1 and 2 when t=0
State-Space Approach

Compute x [(k+1)h]2 x(k+1) = value of x(t) at t = (k+1)h from knowledge of x(kh) = value of

x(t) at t = kh and u(kh) = system input over (kh, (k+1)h]. 0.2

Use state transition equation h= m
x(t,) =e¥x(t,) + [ e IBu(g)dg

t, =kh,t (k+1)h and u( ) =g(kh) over (t, t,]

Z[ k+1 h] =e""x kh) + J':: 1)he ((k+1)h— é)Bdﬁ-g(kh)
let O'=(k+l)h—§
K[(ke)h] = ex(kh) + ["e¥doBu(kh) = x(k+D) = @ (k) +Tu(k)

FEF O DL L

where @ = ™" ‘P h _ J‘heAcdcs- FZLP(h) B value of system input right
(kh) Cx(kh + Du[ k ‘1 h] at time t = kh (subtle point)
(k) =Cx(k) +Du(k-1)

Output

y
y

Lk L L

[

Transfer funtion Matrix (TFM): G(z)=C(zl —cD)_1F+ Dz

ight ©1994-2012 K. Pattipati
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Ne 2 [ Computing ® and I" (or V)

» Note that ® and I" are independent of k. Compute once for a given time step h.

Analytic: e =17 (s1-A)” |

t=h

FEF O DL L

to obtain ¥ by integrating e”° over [0, h].
Numerical: If h is small ==> Taylor series approximations are good
eAh =1+ Ah + A2h2/2! + ...
To compute ¥(h) substitute approximation eA° ~ | + Ac + A26%/2! +...
¥(h) = [e*do = [ [1+ Ao +A% /21 Jio
W(h)=h| T+ Ah/2! + A’h?/31+ ... +AMh™/(M+1)!]

are valid; i.e., we want,
(ANM/(M+1)! << | ==> || A|MhM/(M+1)! <10 . Then ® =eAh =1+ A¥(h)

exact value obtained, but very time-consuming and not practical for n > 3. Then, need

where the number of terms M must be chosen large enough so that the Taylor approximations

Algorithm to find M = # terms in series, given h
C, = |[A][h/2
Do for M =2, 20
C,= C, * | Al h/(M+1)
if C, <10°® stop 2> return M, if M < 4setM =4
End do
(Note: || Al 1%/20! ~ 10° if||Ah||==n)

L L L L
[
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V5 - | Algorithm for Obtaining W(h) and @, I l

Once M is determined, compute W(h) via series. Since the magnitude of the higher-
order terms in series decreases as M grows, sum the series using reverse nesting. -

¥(h)= h{l+---MA—Ez(|+ |\/|Ail(|+pl\\/rll(l+ l\/’IA\ElD]}

This assures that very small numbers are never added to much bigger numbers.

FEF O DL L

Flow diagram of a Subroutine "Dscrt" (your own c2d function) for general use:

Inputn, A, B, h F—> Select M >4
p s.t. |JAh M /(M+1)! < 10°
l
Initialize N =M+1, ® = A
l

Doforj=1, M
=1+ ® * (h/N)
N =N-1

E(Dd:dA.\P At this point we have:
e do ¥ = | +Ah/2! + ... + (Ah)M/(M+1)!

L o A+ A2+ .+ (AW M (M+1
Y «— h¥

O— | +hd

Return ®,¥Y<+— I'=¥YB j&—

L L L L
[

Discuss how to use MATLAB for this
Then: G(z) =C(zI-®@) T+ {szl} Use SS—TFM code to obtain coefficients.

C ight ©1994-2012 by K. Pattipati
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N4 Modifications to SS - TFM

d
d
: » Use modified SS—TFM code to obtain coefficients.
gy lety be the j" column of T and ¢, be the k™ row of C
L T
|zl -D+y ¢, | d,.
W W Key relation: g, (z) =c! (zI —®) 'y +d,.z7'= =1 14+ K
5 y 9y (2) =¢ ( ) 7 Ty -] .

z|z2l - Dty ¢ |+(dg—2)|2l - O]

Z|zl —D|

zH(z &)+ (dy - z)H(z A)
gkj(z)_ =
ZH(Z—/%)

Let 6,,9,,..., 0, be the eigen values of (d "7, c,)and A, 4,,..., A, be the eigen values of ®. Then,

72"+ bz b,z b ]+ (dy — D)2 +a, 2" a,z" .+ a, ]

2(z"+az2" "+
_ 2 (b,2" +blz”*1+b z”*2 +...+b,)

n
2"+az" +a,2" +...+a,

n-2
a,z" " +..+4a,)

;b =b,,+d.a-a,,i=012.,ma=1h

b(n+2,j,k)=0; a(n+2)=0;
fori=1:n+1
b(i,j,k)=b(i+1,j,K)+D(k,j)*a(i)-a(i+1);

end
34 Copyright ©1994-2012 by K. Pattipati
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Mods to SS — TFM code
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@

: (l Example: First Order System l

« Example 1:
Equivalent discrete model for scalar system

x= —ax+bu, y=x; G(s) = b/(s+a)

h

FFF oL L

—al —ac 1 —ac
D=¢e “,‘P:_[ohe dc:—g(e )

=(1—eﬂﬂ/a;]szqu(k—d“ﬁb/a

X (k+1) = e"”‘“x(k)+[(l—e‘ah )/a]bu(k); y(k)=x(k) G(a)=——

. b(1-e™)/a z*(1-e™)(b/a)

G (Z) = 7 — e—ah = 1— Z—le—ah

- Note omnipresent one unit (h) delay in G (2) (b, = 0).

[

i 4-2012 K. Pattipati
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N2 (l Example: Second Order System l

d
d
4'd. Example2: [ x (t 0 1 | x/(t 0
a {1( )}:{ }{ ! )}{ }U(t) A, =0
0 Xz(t) 0 -a Xz(t) 1 )\‘1
=-a
- V(D)=L 0Jx(K) =x,(K 2
N This is typical of a model for a motor.
u(t) — % BN O N y(t) X, = shaft RPM (rad/sec)
Armature st L1 x, = shaft rotation« (rad)
Dynamics M —7 2 1
Analytic approach for arbitrary a: 1 1
- 1 —ah
d=e"= L‘l[(sl —A)_l} =L s s(s+a) {l 5(1 © )} Eigenvalues 1, ™
t=h ]_ —ah
0 0 e
i L s+a i-n
1 1 —ah
A . h g|:h +g(e —1):| a_1|:h + a—l (e—ah _1)]
LPZJ-OEGCIG: a ; I'=¥YB= o
0 1-e —a (e —1)
~ L & _ _ _ da
G(z) = transfer function of equivalent discrete system, C(zl — ®)I" (tedious via hand calculation!) 4 i3
L 1—e™ —ghe™ .
(ah+e™-1)| z+ —
ah+e ™ -1 a0

a’ (z—l)(z—e‘ah)

C ight ©1994-2012 by K. Pattipati
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Special case of Example 2whena =0 => G(s) = 1/s?
We can consider lim as a — 0 using L'Hospital's rule (messy), or redo problem for

=[S ) el c=mno

s 1]

FEF O DL L

=

[

ight ©1994-2012 K. Pattipati
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a) continuous system mod el

0 0 00 0
0.0057 1.5 0.16 0.80 0
-0.0344 -12 |x+| -19 -3  |u+| O
~0.014 —0.29 ~0.015 —0.0087 0
0 ~0730] | 00 1.1459

~19s” —26.855 —0.3425

0.16s° +0.09817s* — 26.585 —0.2847  0.8s* +0.4912s* +5.107s + 0.06238

~3s? +5.058s + 0.06823 }

s* +2.114s% +12.93s” + 0.1503s + 0.009442

~13.75s* - 0.1811s

1.719s% +1.053s° +0.0133s + 0.01082}

0 0 1
15 -15 0
X=| -12 12 -0.6
-0.852 0290 O
0 0 0
G(s) = {
Gd (5) = {
b) select h:h= 0.2
I All,
c) Discrete system mod el
0.9994  5.958.10"
0.01488 0.9851
x(k+1)=| -0.1187 0.1187
-8.496.10° 2.876.10°
0 0

38 Copyright ©1994-2012 by K. Pattipati

9.968.10°°
7.447.10°°
0.9934
-4.244.10°
0

=0.0095= h=0.01sec

-1.705.10°°
5.656.10°°

s° +2.844s* +14.47s% +9.588s° +0.1192s + 0.006892

-0.0005943 |
0.01483

-3.3395.10" -0.1183
0.9999 -2.866.10"°

0

0.9927

x(k) +

[-9.477.10* 0-1.481.10"]
1.583.10° 7.94.10°
~0.1893 -0.02943
-1.10.10* -7.503.10°

00

u(k)+

[-2.276.107 |
8.53.10°°

-6.81.10 |d(K)

-1.649.10°°

0.01142

[
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%
1Yz Example 3: F-8 Aircraft Model - 2
d
c d) Discrete TFM
2 -0.0009477 z* + 0.0009366 z* + 0.0009433 z - 0.0009322 -0.0001481 z* + 0.0001525 z? + 0.0001443 z - 0.0001487
: 6(2) = z*-3.9787° +5.9352° - 3.936 z + 0.9791 z' -3.9787° +5.9352° - 3.936 z + 0.9791
0.001583 z° - 0.004767 z* + 0.004757 z - 0.001574 0.00794 z° - 0.02377 z* +0.02372 z - 0.007891
. z* -3.978 7 +5.935 z° - 3.936 z + 0.9791 z* -3.978 2 +5.935 7° - 3.936 z + 0.9791
-2.276€-006 z* - 4.487e-006 z* + 1.355¢-005 z* - 4.549e-006 z - 2.243e-006
G, (2) = z°-4.9712% +9.884 7° - 9.827 z* + 4.886 2 - 0.972
8.53e-005 z* - 0.0001707 z* + 1.371e-006 z* + 0.0001682 z - 8.415¢-005
2°-4.9712* +9.884 7° - 9.827 2> + 4.886 2 - 0.972
« MATLAB functions:
* sysc=ss(A,B,C,D)
* gs=tf(sysc)
* sysd=c2d(sysc,h)
» gz=tf(sysd)
* gz=c2d(gs,h)
o
o
o
o
o
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[ Discrete System Equivalents

J

0 —+ O 1 H-e] oAl PROCESS
N A Y
G(2)

o -

1 Y — Xfer Function Approach

4 A B

a  u(k—u() y(O—y(K);
E | A/D :

| \ \

F : :

]

(3) Compute G(z) =C(zl -® )T

First obtain the step response. u(k

(1) Let u(k) be a unit step input 1'Or [ I I o

u(z) = 1/(1-z1). 0 h 2h 3h

(5) If u(k) =1, the response is (1-z1) y(z) = (z-1) y(2)/z

40 Copyright ©1994-2012 by K. Pattipati

If the process to be controlled is described by a transfer function G(s), can we find G(z) directly?

Indirect approach - (1) Write a state-space model for the process e.g., SCF or SOF or Balanced
(2) Find @, I" using state variable approach

- Direct approach - Find Z-transform of unit pulse response = G(z), between points A and B.

(2) If the D/A Converter is a zero-order hold, then u(t) will be a pure step,
u(t) =1 fort>0==>u(s) = 1/s.

(3) Since the process is continuous, y(s) = G(s)/s and y(t) = L1 [G(5)/s].
(4) Sampling y(t) and taking the z-transform yields y(z)
y(z) = Z{L [G(s)/s] } = z-transform of step response usual notation: Z{L* [F(s)] }2 Z{F(s)}.

G(2) = (1-z1) Z{L-YG(s)/s)}

L L L L
[
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N J—l Discrete System Equivalents (Cont’d) l

The resulting é(z) must be the same as that obtained via state-space.

Example: G(s):i _ G(s) _ a :F_L}
s+a S s(s+ta) [s s+a

L{—G(S)} =1-e™ =y(t); sampled y(kh)=1-e**

1-z% z*(1-e™)

1_ e—ahz—l 1_e—ahz—1

1 1

Z{y(kn)} = 1-71 1-e%7% (1-27)z{y(kh)} =1~

The direct approach gets quite messy for n > 2. Preferred method is via state-space @, I" then G(z)

Remember! (1) The computer is "controlling" a discrete process with
transfer function G(z) not a continuous process G(s).
(2) Zero-order D/A holds have been assumed (it is possible
to re-do state-space approach with first order holds).

~

= Of concern is the comparison of G(s) _. vs. G(z)

z=eloh

S=jo

L L L L
[

ight ©1994-2012 K. Pattipati
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¥ J—| Relationship Between G(s) and G(z) l

How close is G(z)l o to original G(s) when s = j®?

Can expect dlfferences in both magnitude and phase

6(0)=1-2%)21 %0 = s

S

FEF O DL L

{Recall F(s)= F(z)| .« » and relationship between F(s) and % i F(s—jncos)}
_ {G(S)TNE{G(S) , G(s—jo) , G(s +jcos)}

S h| s S — jo, s + jo,
If © <<, /2 =n/h,and | G(jo + jo,) | << 1 then to a first approximation;

], |-

S S
~—~
Sample & Hold +h

= g Joh/2 (Smwh/zJG(j(D)
s=jo oh/2

—

G(e”)

h/2 sec Delay Magnitude Distortion < d

— To a crude first approximation, equivalent discrete transfer function is ~ original continuous <4 4
one with some magnitude distortion and an h/2 sec delay, in the region o << =/h. j :
"Exact" comparison requires Bode plot of G(jo) vs. G(el*") — c2d, bode n

W

ight ©1994-2012 K. Pattipati
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[ Comparison of Continuous and

J (™ 2 L 3
J Discrete Equivalent Bode Plots
a ~
0 G(s)=1/(s +1); h=0.2==>G(z) =0.1813/(z — 0.8187)
&
L
‘ Bode Diagram
- T T T TR T TR [T T | Code:
101- : - gs =tR([1],[1 1])
g G(2) h=0.2
g 20 ] ~ | gz=c2d(gs,;h)
g G(s) | bode(gs),grid
hold
i bode(ga)
O¢ S S S \,,:: R —FF FFFFF T F F T FFEE
s il
?;’ 90~ T T
& 135}~ -1
JUT: o) S N W U0 3 S O W U N 61 S N W Ll
10 10" 10° 10" \ 10° 3'd
Frequency (rad/sec)
X 57 =15.71rad / sec ..
h o
a
&
L
43 Copyright ©1994-2012 by K. Pattipati ‘l‘ (TLLL"



@

: (Eﬁ“ects of Time Step h on G(2)

_ 10_h T T
s?+s+10° ™ |me| ~Ji0

~1.0

Suggested h =0.05

Bode Diagram

FFF oL L

20¢

///

-20

]

40

Magnitude (dB)

-60 —

]

-80

G(s)

-100°¢

©
o
]

Phase (deg)

-180

-270 &

\ h=0.2 Il
\ h=0.05

44 Copyright ©1994-2012 by K. Pattipati

-2
10

kL

[

-1 0 1 2
10 10 10 10
Frequency (rad/sec)
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« Examine Bode plot structure of G(el*") as a function of o for ® > n/h
- For any discrete transfer function, G(z), letting z = elo:

G” ( Jw) 2G (ejwh ):G |:e—j(2n/h—co)h ] —conj {G |:ej(2n/h—u))h ]} —

so, over the interval [0, 2xt/h]:

G"(jo)|=|G" (2n/h - jo)
£G"(jo)=—-4£G"(2n/h — jo)

FEF O DL L

‘G*(jw)‘ has even symmetry about o=mn/h

A£G’ (jo) has odd symmetry about w=m/h {46*(j7t/h) =0 or +180° since e’ = —1}

Over {Zk%, 2(k+1)ﬂ, k=1, 2, ..., G (jo) is the same as that over {O, 2—“} +
7 jr/h

o

o} . 2n/h-w,

________ ~jx/h

27[/h 47[/h 67I/h @F+mmaps to

ﬁ

S 180-\\ i_\ ]\ ]\ —ZTﬂ+7;+a)——F+a) .

= -
2100 \‘\j \J \J o +-
y -360 h a'a
n/h 27£/h 47:/h 67£/h ® 4 '
==> If G(s) has a pole at s = 0, then G*(jo) —oo for m = 2nk/h, k=1, 2, ... :
45 Copyright ©1994-2012 by K. Pattipati ‘l‘ ‘ ‘ ‘ . ‘



(Modeling a Process with Delay

Q5 in Control, t==Mh+¢
If :

X = Ax+Zb (t=7,)y= CX+Zd [(t=7,);d, = columnjof D or G(s) — G(s) Diag [exp(-st;)]

what is the appropriate discrete equwalent model?
Case 1: M;=0; 7,=¢;and0< g <h Delay Sources

(typlcal modjel of computatlonal delay) « Computational delays
Case 2: M;=integer >1; ;=M;h+¢gand0< g <h « Transmission delays
(for cases when there is a large delay) * Plant delays
Consider Case 1 first with state-space model.

FEF O DL L

Obtain x [(k+1)h] from
x(kh) and input to system
over (kh, (k+1)h].

(k- 1)h kh  (k+1)h
x[(k+1)h] = e*x kh)+2jk(hk PeAle Iy | (£)de

=eAh§(kh)+Z[J-khh+ f A((k+ 1)h- b deu, (k- )+Ja(k+1)heA((k+1)h—&)de§uj(k)]

kh+¢;
o= (k+l)h—¢ o= (k+1)h—&

h
e dobu; (k—1)+ ],

5[(k+1)h]=e‘\“x(kh)+g[fhhe,

ight ©1994-2012 K. Pattipati
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[ State Model for a Process

J CJ " 3 k
a with Fractional Dela
J m m
: X(k+1) :CD)‘((k)Jr,Z:;‘Z”UL(k_1)+;Z°juj(k) =lf131<(k)+rlu(k —1()+F)ou(k)
Ah. — % _Ac . _ Ac _ Alh-gj) % _Ac
N where ® =e™; Yo = J.o e™dob;; le—J.h_aje dob; =e¢ JO e"°dob,
L] To compute @, I';, T'y: Do forj=1,2,..,m
. (1) Use c2d with (A, B, &): obtain e and W(e,);
(2) Use c2d with (A, B, h-¢): obtain e*"™ and ¥(h-¢,);
(3) 7, =¥(h-¢b,y, = e " P(g )b, @ =e""e™ (need to do this for any one j).
A d del, 7 (k)= { x(k) } an (n+m)— vector
o ugmented state model, ¥ = -
J = u(k-1) Invoke the previous SS — TFM
tine with the augmented system.
Then k+1 ® T r rou
% (k+1) = F( . )} = { 0 Ol}x(k)q{ | O}g(k) Alternately,compute C(zl —®)™'T,
X Y X
_ u(k) " &C(zl - ®)'I',.Compute numerator
Output equation (as long as € < h) and denominator
y(k)= Cl(k)+{DH(k—1)} =[C|D]x(k) (recall: z — shift)
« Transfer function, G(z) Cog = Doz + g3 Cig = Bgi.g +Buig + Ay
X(Z) = (ZI - (D)_l [F12‘1+ 1_‘o] H(Z) b0n+1kj =0,a,,=0 «d d
Y@= z* [l - O 2T+ T) + D1 u( a4
. . ' c.2" +c.z2"™ +...+C. d '
9 (2) will have a form 6, (2)= OKJZn m:l W12 p =12, n
z(z" +az" + .- +a, »
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( State Model for a Process
' with Large Dela

1= M;h +g; M, =Iinteger>1; 0< g <h;j=12,.m
Modeling approach same as for Case 1, but with added M; time-step delay,

X(k +1) = dx(k) +Zm:[zljuj(k -1-M)) + 7Y (k—M))]

y(k)=Cx(k)+>d,u,(k—=1-M,);d, = column j of D
j=1

« Transfer function matrix M :JT%M j
é(z):%[c(zl—db)_l(zro +T;)+D | Diag[z "] :ZLM%[C(U ~®)" (2, +T,)+ D | Diaglz" "],

- v

v
previous result with M=0 previous result with M=0

. h—g; Ac . A(h—aj) & Ao L
Zoj—JO e™dob;, Y, =¢ _f e°dob; j=1,2,...m

—1] 0

« Augmented State Model (m=2): Define

m
x(k)é[§(k) ul(k—l—Ml) ul(k—Ml) . ul(k—l) uz(k—l—Mz) uz(k—Mz) . uz(k—l)]T=n+m+Ziject0r
(@ 7, 74 0 . 0 7, 7, 0 . 0] [0 0] =
0 1 0.00 00.0 00
0 01.00 0000 00 3
0 00.00 0000 00
.0 00.10 00.0 o ol
00 0 0.0 0 0 0 . Ofg(k)+|1 Ofu(k);yk)=[C d, 0 0 0 .. 0 d, 0 .. OJx(k)
0 0 00000 1 0.0 00 o
00 00000 0 1.0 00 3
0 0 00000 00 .0 00
0o o 000 o0 o0 0.1 .o ‘
0 0 00000 0 0 .0 01
I | ] N
Copyright ©1994-2012 by K. Pattipati
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Y SISO State Model for a Process with Large Delay

d
d
4 t=Mh+g; M=integer>1; 0< ¢<h
: Modeling approach same as for Case 1, but with added M time-step delay,
3 X(k+1) = @ x(k) + I'; u(k—1-M) + I’y u(k—M) (2.39)
W y(k) = C x(k) + {d u(k-1-M)}
" Augmented State Model, - x(k)

u(k—1-M)

Define Z(k)é u(k—M) =n+1+M vector

'
previous result with M=0

| u(k-1)
(®, I [, 0 - 0] 0]
0,0 1 0
r(k+1)=[0 1 r(k)+| i [u(k)
b 1

010 0 0 - 0] 1]
y(k)=[cid O 0] (k) a3
« Transfer function d'd
~ 1 1 -1 h—¢ Ac A(h—¢) [ Ac |1
G(z):—M-—[C(zI—cD) (zF0+F1)+d} , Fo=j e™doB, T, =¢ Ie doB a '
Z Z 0 0 ‘
W

ight ©1994-2012 K. Pattipati
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fTransf‘er Function Approach to

= O\) 4 2 :
a Modeling a Process with Dela
A | g -(S)e_(Mjh+gj)
3 Since g, (s) = g;(s)e ™", we have g, (z) =(1-z")Z { = .
o
. (s)e™"
. Bute """ =2" = §y(z)=2"(1-27)Z {M}
s S
. ng (S)e .
Approach - (1) Form T,OSQ— <h
(2) Take L inverse Laplace M |
(3) Sample resulting time signal essy:
(4) Take z-transforms
Example
G(s)zée‘“’”‘se = X=-ax+Uu(t—r1)
S
__ A—ah. —ao _ — (h—s) . _ —a(h—a) ¢ _ao _ —a(h—a) _ae
d=e"; T, I do = [ ]/a, [[=e Ioe do=e¢e (l—e )/a
" 1 (l—e it ))z+e "(e* -1)
Z)=
( ) aZM+1 7 — e—ah
EX. a=10, M=2, £€=0.5 h=1
-0.5 -1({ 405 o
o 1[(1-e®)z+e*(e”-1)] 0.393(z+0.607) 5
= Cl)=5 z—¢’ ~ 2°(z-0.368) 3
Note: In many applications the time-step is dictated by the on-line computational requirements. :
= 1 IS often comparable to h. »
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(l Summary l

Digital Interfacing

« Signal Conditioning

 A/D and D/A converters

Signal Sampling and Data Reconstruction

« Impulse sampling model; Nyquist theorem; Aliasing and
Interpretation
« Signal conditioning circuits

Discrete Equivalents: State-Space Approach
« Discretization algorithm

Discrete Equivalents: Transfer Function Approach
* Relation to original continuous system

Model Modifications with Delay in Control
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