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 Lecture 9: Linear Programming:

Revised Simplex and Interior Point Methods
(a nice application of what we have learned so far)
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Lecture Outline
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What is Linear Programming (LP)?
Why do we need to solve Linear-Programming problems?

« L, and L curve fitting (i.e., parameter estimation using 1-and co-norms)

« Sample LP applications
» Transportation Problems, Shortest Path Problems, Optimal Control, Diet Problem

O Methods for solving LP problems
* Revised Simplex method
* Ellipsoid method....not practical
« Karmarkar’s projective scaling (interior point method)

O Implementation issues of the Least-Squares subproblem of Karmarkar’s
method ..... More in Linear Programming and Network Flows course

0 Comparison of Simplex and projective methods
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What is Linear Programming?

O One of the most celebrated problems since 1951
» Major breakthroughs:

« Dantzig: Simplex method (1947-1949)
« Khachian: Ellipsoid method (1979)

- Polynomial complexity, but not competitive with the Simplex — not practical.
« Karmarkar: Projective Interior point algorithm (1984)

- Polynomial complexity and competitive (especially for large problems)

O LP Problem Definition

« Given:
— anmxnmatrix A, m<norAeR™ , m<n assume rank(A)=m
— acolumn vector b with m components: b e R"
— arow vector ¢ with n components: ceR"

mxn = Ax=Db has infinitely many solutions = b=>)"a X, 13
i=1 o 'd
consider x, e R(A"), Ax. =b = A(x +x,)=h, wherex, e N(A) = (x,: a3

o

d
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[ Standard form of LP

0 We impose two restrictions on x:
«  We want nonnegative solutions of Ax=b = x. >0 (or) x>0

[ N N N NS .

X such that Ax =b & x >0 are said to be feasible

— Among all those feasible {x}, we want x” such that
C'X=CX +C,X, +..C X iSaminimum
. This leads to the so-called “standard form of LP”

minc x convex programming problem. If a
(SLP): st.Ax=Db | bounded solution exists, then X" is
x20 unique = asingle minimum.

. Claim: Any LP problem can be converted into standard form.
O Inequality constraints:

X
a) a'x<b =(a 1)( = )zbi; x>0, x_, ~slack variable
1

Xn+ n+l —
A
—( X
— Ingeneral: Ax<b= Ax+y=b=[A |][;)=g,gzo,zzo

Increase number of variables by m & A, is m by (n+m) matrix.

o

d
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O Inequality Constraints

T T . :
b) a x=b = a Xx—X b, x.,=0; X, ~surplus variable

n+1 =

[ N N N NS .

e) d,<x <d, = 0<x -d, <d,—d
define X, =x. —d., andX + y. =d,—d.; y. >0

—-
slack

f) b, <a'x<h, = use two slacks

0) [a'x|<h = -b<a'x<b = a'x-y,=-b; a'x+y,=h

5 Copyright ©2004 by K. Pattipati
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<% “{How to Convert Constraints into a SLP? -

d x;isafree variable
« Definex =X —X withX >0 & X >0
a) Maximization: change c"x to —c'x

b) minzn:|xi| st.Ax<b = Ax+y=b; writex, =% %
i=1

= min) (X +%)
=1 The optimal solution of
this problem solves the

st. [A -A ] original problem.

< > 1X]
Il
=2

O Example of LP Problems
« L,—curve fitting
— Recall that given a set of scalars (b;,b,,...,b, ), the estimate that

m
minimizes Z\x—bi\ Is the median and that this estimate is insensitive
i=1

to outliers in the data {b.}.

Copyright ©2004 by K. Pattipati
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Curve Fitting

 Inthe vector case, we want X such that:
min y"|a x—by| = min||Ax - b|,
x 43 X

L, —curve fitting — an LP
write x = X-%; & x-b|=u, +v;

Then the LP problem is: min Z U +V)= m|n e (u+v)

xuv. -

L. —curve fitting— want x such that min max

X 1<i<m X - =
. L — curve fitting — an LP
— Let max a' x— bi‘ =Ww; then the problem is equivalent to:
<I<m
minw, st -w<a'x-b <wfori=12,..m 3
X W 44
. A b d
minw  s.t. > n
—A w
o
d
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) & [ Transportation Problem - 1

«  Since the number of constraints is large (2m) and the number
of variables (n) is small, typically the dual problem with (n+1)
constraints and 2m variables is solved instead.

maxb" (£~ )
st.A"(A-u)=0, €' (A+u)=land 120; u=0
O Transportation or Hitchcock problem (special LP)
— m sources of a commodity or a product and n destinations
— amount of commaodity to be shipped from sourcei=a.,1<i<m
— amount of commaodity to be received at destination
(sink, terminal node) i =b;, 1< j<n

— shipping cost from source i to destination j
per unit commodity =c; dollars/unit

—  Problem: How much commodity to be shipped from source i to
destination j to minimize the total cost of transportation?

Copyright ©2004 by K. Pattipati




' [ Transportation Problem - 2

O
d
a
a _
N =1
‘ m n
a min > > a,x;
| 5o =
i s.t.;xij:ai Vi=12,..m
J:
D% =b, Vj=12..,n
i=1
. Also: ' a,=>'b,
I=m ‘ ;.J:m i=1 j:1J
Cmn' an
Conservation Constraint:
M SOUrCeS: n terminal nodes: sinks, mn variables & (m+ n) constraints
supply nodes destination nodes
d Jd
. 43
- BIPARTITE GRAPHS: Special LP Problem u
a =b =1 = Assignment problem or weighted bipartite matching problem. :
d
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O Shortest-path problem

FlR OO L.

«  We formulate it as an LP for conceptual reasons only

- S, U, v, t are computers, edge lengths
are costs of sending a message between
pairs of nodes denoting computers

- Q: What is the cheapest way to
send a message from s to t?

source

- Intuitively, x,, = x, =0, I1.e., no messages are sent from
stov&fromutot.

o d

« Shortest paths-u-v-t = x, =X, =X, =1 J:

« Shortest path length=2+1+3=6 J

J

d
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: [ Shortest Path Problem - 2

O
. |
‘ -
4 0 LP problem formulation
: «  Letx; be the fraction of messages sent from i to
W - min2xy, +4Xg, + X, + 5%, +3X,
u s.t. x,=20; x, 20; x, 20; x, 20; X, =0
Xy, — X, — X, =0 (message not lost at u)
Xo T X = Xyt =0
X+ X, =1
« Add all constraints = x., + X, = 1, which it must be!!
Only 3 independent constraints (although 4 nodes)
— In matrix notation:
o
10 -1 -1 0x,| [0
Ax=/0 1 1 0 -1{x,|=|0|=b
4
00 0 1 1]x] [2 -
RS J
— nnodes = n-1independent equations = Similar to Kirchoff's Laws :
d
11 Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘ ‘
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' (Optimal Control Problem - 1

O Shortest path problem as a standard LP
NOTE:
mine’ X - A'is called the incidence matrix
st. Ax=b!' - bisaspecial vector

FlR OO L.

x>0 - A is a unimodular matrix and so are all invertible submatrices A of A
B ’ — detA=1or -1
O Optimal Control

«  Consider a linear time-invariant discrete-time system

X1 = AX, +Dbu, ; u, ~scalar for simplicity, k =0,1,....
k-1

% =A%+ Aby,
/=0

N-1
: : . N N-1-1
— Define Terminal Error: ey =X, =Xy =Xy —A X, — E A" bu,
/=0

kL

— Given x,, X; & given the fact that u, is constrained by u_.. <u, <u

max !

we can formulate various versions of LP.

12 Copyright ©2004 by K. Pattipati
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' (Optimal Control Problem - 2

d Versions of LP

a) min§|em| =y {(& A% _(E ANHQU']}

i=1

n
=Z‘ci+df;‘
i=1

— d, ~ N vector with components —(A""b) =d,

1-norm of error

;
o Z:(UO’UI"“’UN—l)
- stu,,1l<z<u,1l

. Convert to standard form via: v, —u, =¢, +d.' z

n Optimal Solutions:
Z(Vi + ui ) T . T
= S| &zt diz+c >0
i .
st. u,,1<z<u1 0 otherwise

_ T - o (=(dTz+c)ifd'z+c <0 4 d
V,—U =c+d z 1<i<n 0 = (d7z+c) if dfz+c . B
0 otherwise J
— Can also include constraints on state variables :
L
Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘ ‘
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N 4 (Optimal Control Problem - 3

d Versions of LP

b) min max e,;| =min max

1<i<n 1<i<n

Define v = max

1<i<n

st u,1<z<u,l, Vv+c+d'z>0, v-c-d'z>0

min

¢, +d;" z| co-norm of error

[ N N N NS .

ci+diT;‘ = minv

*  Proof of equivalence for (a) L
Suppose v, ,u.,& z are optimal solutions. Claim: v. & u. can not

simultaneously be non-zero.
— Iftheyareand v, >u’ ,define V,=v, —u, 4.=0
=V, +0, =V, —Uu; <V, +U; .... a contradiction.

= Only one of the two can be non-zero.
«  Proof of equivalence for (b)

Letz",v" be optimal for revised problem, but z is not optimal
for original problem.

S . . 4
—  Suppose Z is optimal solution of original problem. -
—  Definev=max|d2+c| = feasible for revised problem : :

— v<V = Contradiction.

o

d
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: [ Diet Problem

4 e
4
|
a :
a O Diet Problem
: . We want to find the most economical diet that meets minimum daily requirements
N for calories and such nutrients as proteins, calcium, iron, and vitamins.
— We have n different food items:
c; = cost of food item j
X; = units of food item j (in grams) included in our economic diet
—  There are m minimum nutritional requirements
b, = minimum daily requirement of i" nutrient
a; = amount of nutrient i provided by a unit of food item j
« The problemisan LP:
n
min » C.X, _
; I mmng
\ C il s.t. AX>Db
s.t. Zainijw i=12,..m| = LES 12
= X=>0 44
X;20; j=12,..,n - a
a
o
L
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' [ Classes of Algorihtms for LP

@

O Fundamental Property of LP
—  Optimal solution X~ is such that (n —m) of its components are zero.
— If we know the n—m components that are zero, we can immediately

compute the optimal solution (i.e., remaining m nonzero components) from Ax =D

. Since we don’t know the zeros a priori, the chief task of every algorithm is to
discover where they belong.

O Three Classes of Algorithms for LP
« Simplex
 Ellipsoid
* Projective Transformation (scaling) Algorithm

0 Key Ideas of Simplex Algorithm
— Phase 1: Find a vector x that has (n—m) zero components, with Ax=b

and x >0. This is a feasible X, not necessarily optimal. 4 4

ey e |

— Phase 2: Allow one of the zero components to become positive and force r

one of the positive components to become zero. :

d
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1S Geometry of LP - 1
d
: Q Simplex Algorithm
r . Q: How to pick “entering” and “leaving” components?
N « A:costc'x{ and Ax =b, x>0 must be satisfied.
| . Another Key Property: Need to look at only extreme (corner) points of the feasible set.
- e i —  Minimum occurs at one of the corners
xample: minx, +x _ _
Xz A P Tt (vertices) of the fesible set:
s.t. x, +2x, =4 ]
2l X, >0, X, >0 X, =0,X, =2 = corner point Q
0 feasible — In n-dimensions, feasible set lies in

1 2 3 4

X, +2X, <4, and x, >0, x, >0

— x>0 defines a positive cone in R". X5

— a'x <0 defines a half space on or below the plane 8’ x =0 feasible

—  Feasible set = positive cone ~ half spaces defined by a' x <b, set

= polyhedron (polygon in 2 dimensions).
— Feasible set is convex: x;, x, feasible = ax +(1—-a)X,
Is also feasible V « €[0,1]. Line segment is also in feasible set.

2 - set . .
K n-dimensions and so do the cost planes ¢’ x = const.
14 : :
C P > X1 — Inequality constraints:

o

d
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0 An LP may not have a solution

X2 A
Example:
min X, + X,
4 _! 2 1 1l x)l such that x, + 2x, =—4
5 X, X, 20
feasible set is empty

0 An LP may have an unbounded solution
X2 A

Example:

/ min—(x, +X,)
>

such that x, —2x, =4

= opt. X, X, = (o0,0)
— opt. cost value =—x

i |

-

. So, an algorithm must decide whether an optimal solution exists d

and find the corner where the optimum occurs. :

L
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' (Revised Simplex Algorithm - 1

O Revised Simplex Algorithm

« Consider SLP: minz=c'x s.t. Ax=b and x>0
—  Assume rank(A) =m. Then, we can partition A=[B|N], where B ~m
linearly independent columns.
— Assume first m columns for convenience
Xg
[BIN]| ———|=b Xg €R™; Xy eR™™
L
«  We know n—m components of x are zero
— Ifx, =0,x, = B™'b is said to be the basic solution and the columns of B form the basis
— If, in addition, x; > 0, then x; is called the basic feasible solution,
— Interms of x; and x,,, the cost function is

_ AT T
Z=Cg Xg + Gy Xy

—  Using X, =B —B™Nx, =B 0~ B™ (&, X+t 3%, ) : :

= z:g;B‘1Q+(g,]—g;B‘1N)5N:zo+pT5N d

- d

=Z,+ P Xy et P X 5

d
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' (Revised Simplex Algorithm - 2

O Revised Simplex Algorithm
« Compute _pT in two steps:

1) Solve: B'A=c,
2) Compute: p'=cy-A'Norp=¢,—-N'Z ;

FlR OO L.

A is called vector of simplex multipliers

- p Is called the relative cost vector

— forms the basis fo exchanging basis variables.
— Ifp=>0, then the corner is optimal, since ETKN =0and x>0,
it doesn't pay to increase X, .
— If acomponent p, <0, then the cost can be decreased by increasing the
corresponding component of x,, that is, (X :m+1<k<n).
«  Simplex method chooses one entering variable

) ) d '

«  One with the most negative p, (or) .

« The first negative p, (avoids cycling) :

. Simplex allows the component x, to increase from zero. o

|

20 Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘ ‘
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p ised Simplex Algorith
1 Revised Simplex Algorithm - 3
d
: O Revised Simplex Algorithm
W « Q: Which component x, should leave?
L « A: It will be the first to reach zero. = Ax =b is satisfied again at the new point.
L | «  Assume p, <0, and consider what happens when we increase x,, from zero.
—  Let x3 = initial feasible solution
X3+ B a Xy =B =x = x;"
= X3 +Xy Y =B"b=x, where By =a,
— i" component of x;™ will be zero when the i" component of
YXue =YXy, and (B‘lg)i = X,; are equal. This happens when
= Xy =i" component of B™b /i" component of y = x,, / y,
«  So, among all y;s such that y, >0, the smallest of these ratios determines
how large x,, can become.
— Ifthe I" ratio is the smallest, then the leaving variable will be x;.
— At the new corner, X, >0 and x, =0.
Xg = honbasic set & column g, joins the nonbasic matrix N. 4 d
: - : : d'd
— X, = basic set & column k joins the basic matrix B. N
X X
« Thus, 9:—°'=m|n(i:yi>0} :
yl 1<i<m yi
a
21 Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘ ‘
AL LR R



[ N N N NS .

22

Revised Simplex Algorithm Steps

O One Iteration of Revised Simplex Algorithm

Step 1: Given is the basis B such that X, =B b >0.
. Step 2: Solve B" A = ¢, for the vector of simplex multipliers A.

*  Step3: Selectacolumn a, of N such that p, =c,, —4'a, <0. We may, for example, select
the a, which gives the largest negative values of p, or the first k with negative p, .
— Ifp"=¢,—A"N >0, stop = current solution is optimal.

. Step 4: Solve fory: By=a,
« Step5: Find 8=x,/y, =min(x,/y;) where1<i<mandy, > 0.

- Look at Xg;" = Xg; — ¥ Xy -
- If none of the y.s are positive, then the set of solutions to Ax =b, x>0 is
unbounded and the cost z can be made an arbitrarily large negative number.

- Terminate computation = unbounded solution.

. Step 6: Update the basic solution
Xi = X, —0y ; 1=1; Set x, =6 corresponding to the new basic variable, k (I goes out)

Step 7: Update the basis and return to Step 1.

o

d
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Phase l of LP

O How to get initial feasible solution...Phase I of LP
« An LP problem for Phase |

@

FlR OO L.

— mm(ZyIJsuchthatAxHy b; x>0, y>0

=1

y ~ Artificial Variable

— If we can find an optimal solution such that z y. =0, then we have X;.
i=1

- If Z y. > 0 then there is no feasible solution to Ax=b, x> 0.

i=1
= Infeasible Problem
— Solve via revised simplex starting with x =0, y=b & B=1_..

«  Another approach is to combine both phases | and 11 by solving:
— min(e"x+Me'y) (where M is a large number)
X,y -

- 43
st. Ax+y=Db; x>0, y>0 4

B B d

—  This is called the “big-M” method. J

o

d
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[ Basis Updates

0 How to Update Basis:

Copyright ©2004 by K. Pattipati

NOTE: We need to solve:
B'A=c, and By = a,, where the B's differ by only one column between any

two subsequent iterations = column a, replaces a,
A simple way to solve these equations is to propagate B-* from one iteration to the next.

Recall: B, =B, —column a +column a, =B, +(a,—a)g" = rank one update
B—l _ TB—l B—l a — T
— B(;:é _ old (Ték _l§| )9 old :|: _ old (—k g‘l )9 B(;](.i NOTE B(;]agk — X and B(;](.igl — g
1+& Byq (gk_gl) Yi
= B, = EB_. = product form of the inverse (PFI)

new

So, B!

new

1 0 .. -vy/y, 0 1o
E is called an
ye' 1 5 |0 1 . -y/y, .. O
whereE=1-=——+—gg = “Elementary Matrix.”
Y, Y, 0 .. .. 1y, 0 v
0 . =Yy 1

For large scale problems, store E as a vector and update A" and BT sequentially as follows:

A" =|(¢E, )€, |-E or y=E[.. .(E,(Ea))-]
What if y, is small? This creates a problem...
Modern revised simplex methods use LU or QR decompositions.

kL
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' [ Sequential LU and OR

O LU Decomposition
. If B is the current basis:

- B:(§1§2 "'Q‘m):LOIdUoId =By
- Bn=(22 2.8, 22a)
— NOTE: H=L,B_, = [glgz...g,_lg,+l...gm L gk] is an upper Hessenberg matrix.

. Use a sequence of elimination steps on H to get:
- Unew = |\’/\Im—l I\’/\II+1I\7|IH - Bnew = I—oldl\,/\ll_1 I\,/\lm—lu
— Store: L =M_, .. M,LL

new

QR Decomposition
- B =(23, ..8,8,,-2.8); QB =H
— Do GivensonH:
‘]r-1r1—1 ‘]ITH = Rnew and Qnew :Qold‘]I ‘]m—l

new

: : : : : : n
— Theoretically, revised simplex is an exponential algorithm O( [m]). d'd
43
— In practice, it takes approximately 2(n-+m) iterations. a
- - - 2 - ‘
— Each iteration takes approximately O(m + m(n - m)) operations. N
d
Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘ ‘
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' (l Sensitivity Analysis l

O Duality and Sensitivity Analysis

1
- : . Xs | |B7b
« Recall that the basic feasible solution x = {X } _{ .............. :I
22N

is the solution of SLP "minc'x s.t. Ax=b, x>0" if and only if:
— A" =c, B™ ~ Vector of simplex (Lagrange) multipliers or dual variables

5

— p'=c; - BN >0 ~ Non-negative relative cost vector

* Note that the optimal cost is given by
z=C'x=c;B7b=2"b
— S0, z can be gotten by knowing optimal x; or optimal A.

— Q: Is there another way to get 4?
— A Yes, by solving an equivalent LP, called a dual LP problem.

[ N L L
YO L



s O g Dual LP Problems
o
: d Dual ofan SLP
L] Primal Problem Dual Problem
L
n min (cx) max A'b
st.Ax=hb, x>0 < > SLAA<c
n variables < > N constraints ASYMMETRIC
. : DUAL
m constraints < > M variables
non-negativity no constraints on
> :
constraints on x the sign of {4}
*  Duality of an Inequality constrained LP (InLP)
Primal Dual
minc’ x min A'b
x T 4 SYMMETRIC .
st.Ax>b || st A"A<c| < DUAL .
27 Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘
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Duality Properties

 Dual of a Dual = Primal
- For any feasible x and dual feasible A

(INLP): ATb < A" Ax<c'x weak duality lemma

Dual feasible solution < primal feasible solution

«  Very useful concept in deriving efficient algorithms for large integer
programming problems (e.g., scheduling) with separable structures.

d  Complementary Slackness Conditions
1) (¢"-A"A)x=0 = p;=c;-4'a;=00rx; =0
2) A'(Ax-b)=0 = g,=a'x-b=00r4 =0

- A7 a; ~ synthetic cost of variable j

4 d

. For variables in the optimal basis, relative cost p; = 0 = synthetic cost = real cost  jj4 '&

. For variables not in optimal basis, relative cost p; >0 = synthetic cost < real cost :

o

d
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Simplex Multipliers & Sensitivity - 1

O Interpretation of Simplex Multipliers
— Suppose b — b+ b without changing the optimal basis.

— Change in the optimal objective function value
5z=c,B6b=A4"6b

FlR OO L.

- A= j‘_; = marginal price (value) of the i" resource (i.e., right hand side of b )
— {4} are also called shadow prices, dual variables,
Lagrange multipliers, or equilibium prices.
«  Sensitivity (post-optimality) analysis
— Q: How much can we change {c;} & {b;} without changing the optimal basis?

— Consider:

x=0

min(g+aC_I)T X; st.Ax=b

— « Is the parameter to be varied
— Nominal value of « =0.

kL

d=¢, — Wantto find the range for the j" coefficient.

29 Copyright ©2004 by K. Pattipati
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Simplex Multipliers & Sensitivity - 2

Fact: Basis B will be optimal as long as nonbasic reduced costs {p,} remain
non-negative (recall that the reduced costs for basic variables are zero).

~ splitcandd asc’ =(c; |y ) andd’ =(d; |dy)
— The required condition is:
(ci —csB'N)+(dy —dgB'N)>0

FlR OO L.
[ ]

p'+q' 20 = g ' >-p'

— So the range of & = (,y,, Amay ), Where

Xrgin = max{max {—q_p, q;>0andjis nonbasic},—oo}
j

e = MIN {min {_—p’ q;<0andjis nonbasic},oo}
q;

. If o € (0in, Amay), the new optimal cost is:

kL

2(2)=(cg +ad,')B'b=2(0)+ad; X
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Simplex Multipliers & Sensitivity - 3

Consider parametric changes in b

min ¢’ x

X

s.t. Ax=b+ad ; a=0 nominal
x=0

If B is the optimal basis, then need

[ N N N NS .
[ ]

X' = (x5 x)=[0 +ad 0]
where b =B™b and d =Bd
The range of a = (o, , dmay) 1S given by:

A = max{max{_a—IOi :di > O},—oo}; a... =Mmin {min{__—bi di < O},oo}

1<i<m 1<i<m d i

If o € (ains Omay), then

2(a)=c; B (b+ad)=2"(b+ad)=2(0)+ai'd

o

d
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O  Karmarkar’s Interior Point Algorithm

* Discuss not the original Karmarkar’s algorithm, but an equivalent (and more general)
formulation based on barrier functions

[ N N N NS .

minc' x min f(x, u) =c' x—u> INX;; >0
X =

SLP: sit. Ax=b = Barrier s.t. Ax=D

x>0 Problem
optimal solution X~ optimal solution x ()

« Key: x*(u) — x* as the barrier parameter u — 0
. 3 many variations of barrier function formulations. Wewill discuss them later

32 Copyright ©2004 by K. Pattipati ‘ . . ‘ ‘
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Newton’s Method for NLP

O  Consider the general NLP
min f(X) s.t. Ax=D

[ N N N NS .

. Suppose x is feasible, then x = x+ad
d ~ search direction

. Pick @ > Ax=b (new point is feasible) and f (x) < f ()

0 What does Newton’s Method do for this problem?

Feasibility = AX=Ax+aAd =0 = Ad =0
Newton's method fits a quadratic to f( x) at the current point and takes « =1
f(x+d)=f(X)+g d+1/2d"Hd where g = Vf(®; H = V*f(X
Newton’s method solves a quadratic problem to find d
(= aweighted least squares problem)

o

d
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34

D 2 (I Optimality Conditions I

e Consider

min g'd+y2d'Hd = minl/2| HY2d —H¥2g ||5; H"? symmetric squareroot
st Ad=0 : st. Ad=0
 Define Lagragian function:

L(d,A)=g"d+1/2d"Hd ~ 4 d : A ~ Lagrange multiplier

« Karush-Kuhn-Tucker necessary conditions of optimality:

= oL/od=0 = g+Hd-A"A=0
oL/6A=0 = —Ad=0; A=(AH*A")*AH g

» Special NLP = barrier formulation of LP:

I |

g=Vf(X)=c—uD eand H =V*f(x)= uD™* 2

R a'l

where D=Diag(x;),j =1, 2, .., nande=(111..1)" al

o

d
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Optimality Conditions for LP

Karush-Kuhn-Tucker conditions for special NLP are:
puD*d+(c-uDe-A"2)=0
Ad =0

[ N N N NS .
[ ]

 So,

d="1D*c-uD'e— A Q) @

Y7

Using Ad=01in (1), we get
A=(AD*A")"AD*(c-uD"e) (2)

So, 4 is the solution of weighted least square (WLS) problem:

min | Dlc—uD e— A" Al

o

d
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—

1Y Barrier Function Algorithm
4
4 _ : :
a O Barrier Function Algorithm
d : . :
N Choose a strictly feasible solution and constant x« > 0. Let the tolerance parameter be ¢
I and a parameter associated with the update of u be o.
Fork=0,1,2, ... DO
Let D = Diag(x)
Compute the solution A to
(AD*A")A = AD’(c— uD™e) ... WLS solution
Let
p=c-A"4
d=-D(p-uD"e)/ u
x=x+d
If XTE <eg&, stop: X is near-optimal solution ...
complementary slackness condition.
else
o 43
u=Q1-—-=)u J'J
Jn
: a3
end if
a3
end DO

o

d
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Yo 5 (I Practicalities & Insights -1 I

1)  Finding a feasible point
- Select any x, >0 and define &,;s =b- Ax, with ||s||,=1
= &, =[|b-Ax, ||, and solve

[ N N N NS .

min & st (A §)£)_(j =bx>0¢& >0
X, :

« Thesolution: & = 0 or when & starts becoming negative stop
- Suggest x,=||b|le

2)  Since the method uses Newton’s directions, expect quadratic convergence near
minimum

3)  Major computational step: Least-squares subproblem

AD*A’ 4 = AD*(c—uDe) 1
4'd
Generally A is sparse a3

We will discuss the computational aspects of Least-squares subproblem later

o

d
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38

4)

5)

6)
7)

(I Practicalities & Insights - 2|

The algorithm (theoretically) requires o(\/ﬁ L) iterations with overall complexity
where O(n°L)

m n

L=>>"|log|a;|+1]+1

i=0 j=1

In practice, the method typically takes 20-50 iterations even for very large problems
(>20,000 variables). Simplex, on the other hand, takes increasingly large number of
iterations with the problem size, n.

Initialize 12 =2°" and o =1/6 . In practice, need to experiment with the parameters.
Other potential functions:f & g)=r In¢'x—q > Inx,
j

where
r=n+-+/n and
g = alower -bound on the optimal cost d'd

o

d
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¥oF | Practicalities & Insights - 3

O  Variants of the algorithm

 Problem with barrier function approach:

[ N N N NS .

— Update of u

— Selection of initial 4 and parameter ¢
« 3 two classes of algorithms

— Affine scaling

— Power series approximation
= Views affine scaling directions as a set of differential equations
= Not competitive with affine scaling methods

* Do not know if the variants have polynomial complexity. But, they work well in
practice!!

o

d
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s (I Affine Scaling Method - 1 I
Q  Affine scaling:
 Typically, the affine scaling methods are used on the dual problem
Primal Dual Modified dual
min C' X max A'b max A b
st. AXx=b < stA'A<c < stAA+p=c
x>0 p=0

» Suppose have a strictly feasiblez and the corresponding reduced cost vector
(slack vector) p

* Define
p=P7p, where P =Diag(p,p, . .. P,)

* S0, the dual problem is : d'd

o

d
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N 4 (I Affine Scaling Method - 2|

« From the equality constraint:
p= P'(c-A"1) = P*A" A= (P‘lg—E)
« Assuming full column rank of A" or row rank of A
= linearly independent constraints in primal
AP*AT 1= AP (P'c —E)
= A=(AP?A")™ AP‘l(P‘lg—E) =M (P‘lg—E)
* Notethat , € R(AP™') =R(M)
» Eliminating A from the dual problem, we have:

maxb'M (Pc— p) = f(p) minb'M o
P - - P
st. H(p-P7c)=0 < st. Hx=0
p=0 where a=p-Pc
and where
H =1 — P'A"M, asymmetric projection matrix
= H’ = H

Copyright ©2004 by K. Pattipati




N 4 (I Affine Scaling Method - 3|

In addition, we have
AP*H =0 = columns of H e N(AP™)
Note that we want ¢ e N(H) = a e R(PA")
But, R(PA) = R(I\A/IT) A
The gradient of f (p) w.r.t. scaled reduced costs p Is

§ =-MTbeR(MT)=R(PA")

[ N N N NS .
[ ]

= Result: The gradient w.r.t. scaled reduced costs, E already lies

in the range space of P A", making projection unnecessary.
 In terms of original unscaled reduced costs, the project gradient is

g =—Pg =—A"(AP?A")"b

o

d
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@

' (I Affine Scaling Method - 4|

» The corresponding feasible direction with respect to 4 is:

d, =-MMT§_=(AP?A")"

= |0 :_ATQA

—Pp

 If 9,2 0 = dual problem is unbounded = primal is infeasible
(assummg b = 0)

» Otherwise, we replace 4 by
A< A+ad,
where
a=pa.,..p~=0.95

e, = MIN —h. 10, <0,i=12,..,n
gp|

d '
* Note that primal solution x is: 33

-2 2 AT 2 AT\-1 a

x=-P?g, =—P?AT(AP?AT)"p b

since it satisfies Ax = b. :
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@

' rDual Affine Scaling Algorithm

O  Dual affine scaling algorithm

Start with a strictly feasible A, stopping criterion & and .
T
Zyg =4 b

Fork =0, 1, 2, ...DO
p=c-A"4 P = Diag(p,p, --p,)

C_:ompute the solution d ,
(AP_ZAT)Qﬁ =b; gp =-A Q,l

Ifg >0
_pStop: unbounded dual solution = primal is infeasible
else
a:ﬂmin{_—p‘:gpi <0,i =12, .., n}
gpi
A< A+ad,(= p< p+ag nextstep); z,, =1'b
| Zoew ~ Zoig |
max(l,| 2, [)
stop: found an optimal solution x = —P‘ng
else e
ZoId <~ Znew <
end if
end if
end DO

Copyright ©2004 by K. Pattipati
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| Initial Feasible Solution |

Finding an initial strictly feasible solution for the dual affine scaling algorithm

40:( [ jﬁ
I A'bl,

Wantto findaps p=—ce
Select initial 50 as

g =-2min{(c-A"4): i=12,.,m|

Solve an (m+1) variable LP:

max A'b-ué st AlA-Ze<c

Select 1 =y. /t:zb ; y=10°

The initial (4,,¢,) are feasible for the problem

Notes:

_ If & < Oatiteration k = found a feasible 4

_If the algorithm is such that optimal & < ¢ = dual is
infeasible = primal is unbounded

Copyright ©2004 by K. Pattipati
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' (I Least Squares Subproblem |

O Lease-squares subproblem: implementation issues
» Generally A is sparse
» Major computational step at each iteration
AP*A'd = b ... Affine scaling
AD*A’' A= AD’(c - uD"e) = AD(Dc - pe)
... barrier function method

» Key: need to solve a symmetric positive definite system ZX =b

Copyright ©2004 by K. Pattipati
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5" (l Solution Approaches - 1 l

d  Solution approaches:

O  Direct methods:

a) Cholesky factorization: ¥ =SS', S = lower A
b) LDL' factorization: ¥ == LDL', S = unit lower A
c) QR factorization: of P*A" or DA’

O  Methods to speed up factorization
» During each iteration only D or p* changes, while A remains unaltered
— Nonzero structure of X' is static throughout.

— So, during the first iteration, keep track of the list of numerical operations

performed
« Perform factorization only if the diagonal scaling matrix has changed significantly
» Consider :
- T=AP?A .

_ replace P by P
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o5 (I Solution Approaches - 2 l

where B B B
ﬁnew _ I:)iiOId If | I:)ii o I:)iiOId |/ | I:)iiOId |< 5
" | P otherwise

[ N N N NS .

o~0.1
deﬁne APH — F_)ii”eW i F_)iiom
then v — o 4 Z AP .a-.aiT

n—l —
i:AR;j =0

a =i" column of A
— So, use rank-one modification methods discussed in Lecture 8

« Perform pivoting to reduce fill-ins = having nonzero elements in factors where there
are zero elements in X' .

— Recall that PZP'Py=Pb

— Unfortunately, finding the optimal permutation matrix to reduce filled-in is NP-

complete 4
4

— However, 3 heuristics al
= minimum degree 4 'd

= minimum local fill-in

o

d
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Ve 5 (I Solution Approaches - 3 l

« Combine with an iterative method if have a few dense columns in A that will make
impracticably dense 2. (Recall the outer product representation)

— Hybrid factorization and conjugate gradient method called a preconditioned
conjugate gradient method.

[ N N N NS .

Idea: At iteration k, split columns of A into two partsS and S
where columns of AS are sparse (i.e., have density < A(= 0.3))
- Form AP~*A
— Find incomplete Cholesky factor L such that

Z.=AP?A =LU

— Basically the idea is to step through the Cholesky decomposition, but setting Iij
= 0 if the corresponding =, =0

o

d
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Incomplete Cholesky Algorithm - 1

O Incomplete Cholesky Algorithm
Fork =1, ..., mDO

FlR OO L.

b =VZu
Fori = k+1, ..., mDO
If~, =0
L == /1,
end if
end DO

Forj = k+1, ..., mDO
Fori =], .., mDO

IfZ, = 0
.o=2_-L1
sij Sij ik j
end if
end DO 44
o |
end DO r
end DO d
=
L
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@ | rlnef)mplete Cholesky Algorithm - 2

O Now consider the original problem

Yy=AP Ay=b
L'Z(LY) Ly=L"b
= Qu=1
where
Q=LZ%(L);u=Ly f=L"

0 SolveQu= f via conjugate gradient algorithm (see Lecture 5)

kL
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Conjugate Gradient Algorithm

d Conjugate gradlent algorithm

u=f .. initial solution
c=l| ]2 ... norm of RHS
r="f—Qu ..initial residual (negative gradient of (%UTQU —u'f))
p=r] ... square of norm of initial residual
d=r ... initial direction
k=0
owhile \Jp/c>gandk <k,
w=10Qd
a =r/d'Qd .. step length
u=u+ad ... new solution
r=r—aw ... new residual, r=f —Qu
£ r|| /p ... parameter to update direction
d=r+pd ... new direction
pAIr
k=k+1 a3
end DO J3'a
. 2
» Computational load: O(m“+10m) 2
a
* Need to store only for vector: u, r, d and w d
d
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Simplex vs. Dual Affine Scaling - 1

0  Comparison of simplex and dual affine scaling methods
» Three types of test problems
O NETLIB test problems

FlR OO L.

» 31test problems
» The library and test problem can be accessed via electronic mail
netlib@anl-mcs (ARPANET/CSNET)
(or) research ! netlib (UNIX network)
» # of variables n ranged from 51 to 5533
» # of constraints m ranged from 27 to 1151
» # of non-zero elements in A ranged from 102 to 16276

« Comparisons on IBM 3090

kL
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Simplex vs. Dual Affine Scaling - 2

Simplex Affine scaling
Iterations (6, 7157) (19,55)
Ratio of time per iteration (0.093, 0.356) 1
Total CPU time range (secs) (0.01, 217.67) (0.05, 31.70)
Ratio of CPU times (0.2,10.7) 1

(simplex/Affine)

Q  Multi-commodity Network Flow problems
» Specialized LP algorithms exist that are better than simplex

« 3 aprogram to generate random multi-commodity network flow problem called
MNETGN

« 11 problems were generated
» #of variables n in the range (2606, 8800)
 # of constraints m in the range (1406, 4135)

kL

Non-zero elements in A ranged from 5212 to 22140
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TR Simplex vs. Dual Affine Scaling - 3

:

o Simplex Specialized Simplex = Affine scaling
. MINOS 4.0 (MCNF 85)

Total # of iterations (940, 21915) (931, 16624) (28, 35)

Ratios of time per (0.010, 0.069) (0.0018, 0.0404) 1
iteration (w.r.t.
Affine scaling)

Total cpu time (secs) (12.73, 1885.34) (7.42, 260.44) (6.51, 309.50)

Ratios of cpu times  (1.96, 11.56) (0.59, 4.15) 1
w.r.t. affine scaling

kL

55 Copyright ©2004 by K. Pattipati

YO L



@

Simplex vs. Dual Affine Scaling - 4

O  Timber Harvest Scheduling problems
11 timber harvest scheduling problems using a program called FORPLAN
« # of variables ranged from 744 to 19991

FlR OO L.

 # of constraints ranged from 55 to 316

 # of nonzero elements in A ranged from 6021 to 176346

Simplex (MINOS 4.0) = Affine scaling
(default pricing)

Total # of iterations (534, 11364) (38, 71)
Ratio of time per iteration (0.0141, 0.2947) 1

Total cpu time (secs) (2.74,123.62) (0.85, 43.80)
Ratios of cpu times (1.52,5.12) 1

kL

Q  Promising approach to large real-world LP problems
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Sumimary

O Methods for solving LP problems
* Revised Simplex method
* Ellipsoid method....not practical
» Karmarkar’s projective scaling (interior point method)

0 Implementation issues of the Least-Squares subproblem of Karmarkar’s
method ..... More in Linear Programming and Network Flows course

O Comparison of Simplex and projective methods
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