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| Reading List l

Duda, Hart and Stork, Sections 3.1-3.6, Chapter 4
Bishop, Section 2.5, Chapter 9, Sections 10.1, 10.2
Murphy, Chapter 4, Chapter 11, Section 21.6
Theodoridis, Chapter 7, Chapter 12
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(l L_ecture Outline l

U Estimating Parameters of Densities From Data
= Maximum Likelihood Methods
= Bayesian Learning
 Estimating Probability Densities (Nonparametric)
= Histogram Methods
» Parzen Windows

= Probabilistic Neural Network
= k-nearest Neighbor Approach

L Mixture Models and EM
d Performance Assessment of Classifiers
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@H Recall Bayesian Classifiers |

Hidden
Categorical

J Need to know {P(z = j), p(x|z=j), 4;}

[ N N N NSNS

Features,
observed

d We usually estimate them from data

Parameters

= Parametric Methods (assume a form for density)

* Nonparametric Methods

» Estimate density via Parzen windows, PNN, RCE,NN, k-NN,..

= Mixture Models

» Mixture of Gaussians, Multinoullis, Multinomials, student,...
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Estimating Parameters of Densities from Data

d Estimating parameters of densities from data:

PE=Kl, {p(x.012=K)},
For example, in the Gaussian case

0={(x %)} General Case or ({¢ } %) Hyperellipsoid Case or ({Ek},azlp) Hypersphere case

Data: D={Xi X Xorrrennns X k=1,2,3, C}

C
n,samples from class k. Let » n =N
k=1
Assuming samples are independent,

L (0)=pD0) =TT ] p(x! | 2=k 0)P(z =k)

k=1 j=1

1(6) =InL(6)=In p(D|0)

C M . c
=Y > Inpx/|z=k,0)+> 0 Inz;P(z=Kk)=r,
k=1

k=1 j=1
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C
max Y n,In 7z,
k=1

Yes (l Optimal 7z, l

J Optimal ML Estimate of 7, : 7,

t C . Recall:
S.L. kz_;”k = In X is concave
-In X IS convex

C C
Lagrangian: rpa;<[z nIn 7z, + A0 7 —1)]
TS k=1 k=1

n n
K =-1 = 7, =—F% = A1=-N
T, A
P Fraction of samples of class k.
TN Intuitively appealing.
 What if some classes did not have samples iIn training data? |7 3
— Zero count or sparse data or black swan problem j j
. n +1 : :
Ry =" Laplace rule of succession or add-one smoothing | =
N+C :
Copyright © 2001-2018 K.R. Pattipati 11111
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fl Optimal 9: Hyperellipsoid Casel

 Optimal ML estimate of 6 : (when covariance matrices for

all classes are taken to be equal, i.e., Z. = %)

10)=3 > p(x! | 2=k.0) 0={{u}x}

k=1 j=1

v,(07A0)=

v, (tr|Ag8" |)=2A0

|({u }klz)———ln|2|——zzk(xk 1) S )

klj—l

j=1 k j=1

V,I1=0 = >3SHx-4)=0=4 = Zxk,k 12,..,C

ML estimate for mean is just the sample mean!

Copyright © 2001-2018 K.R. Pattipati
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\ | Optimal ¥ l

|-z

C ng

2.2,

| k=1 j=1

X-_Ek)

A N\T

Aside: Ais PD

i=1
= In| Al=trace[ln A]

VA[In | Al]: A"

| Al=exp(In| A]) = exp(zn: In A.) = exp(trace[ln A])

(X =A% =) }il =0

ML estimate of covariance
Matrix is the arithmetic average
of (x« =4~ 4,)over all classes

We can show that,

SO use

v, [InAl]=A"

Copyright © 2001-2018 K.R. Pattipati
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1 C N ) A ] A i Ny _
N2 2 K= A~ )" known 2 =D x,
k=1 j=1 j=1
1< k[XJXJT_XjAT_AXjT+A T
_szj; — Ak Dk _kﬁk Ek—k ll_jkll_jk
=1 j=
1 e j LT AT
=— [xeXe —4 it ]
N ;H k 2k
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[l Shrinkage Methods l

O Linear discriminants may outperform quadratic discriminants
when training data is small

1 Shrink the covariance matrices towards common value =
possibly biased, but results in a less variable estimator

) = 1—a)n X, +aN3

o) (convex combination of 2, and 2)
1-a)n, +aN

3, (a

= ~ If variables are scaled to have
2(7)=Q-p)Z+y1l; 0<y<1|| zero mean and unit variance

S(y) = ;/diag(i)Jr (1-)2| | This has Bayesian (MAP) interpretation

. e Vst Regularized Discriminant )

Zk (051 7/) - (1 7/)zk (0!) + p tr(zk (a))l AnaIySiS : :
Select o and y to minimize error rate via cross validation -’

d

2
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N & fl ML-based Discriminants l

O ML-estimated Best Linear Rule (C+Cp+p(p+1)/2 parameters)

. AT 1 .raa A .
j=arg max {EIZ 15—[§£12 1£k—ln7rk]}

kefl,2,....C}

O Unequal Covariance Case

A L o L & i vl AT
Ekz—zxd Zk—nk_l;(lk Ek)(Xk ﬁk)

nk j=1

Note that we need n,>p for each class. If not, use shrinkage methods.

O ML-estimated quadratic rule (C+Cp+Cp(p+1)/2 parameters)

. 1 ~ 1 A NT O . n
j=arg max {—Eln |12, |—E(X—ﬁk)Tzkl(X—ﬁk)“n”k}

ke{1,2,..,C} 4 d

od o

- - — o 'd

As N — oo, they approach the performance of optimal Bayesian Classifier. However, | [a &
for finite N, a linear rule may outperform a quadratic one! :
L
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J What if “big streaming data”? Recursive estimation of mean

. an-1, 1
/U (1__) N ka

Recursive Estimation of Parameters-1

In general we can use SA algorithm:

1 0
Inp(x,|z=k,8)=0
nkﬁﬁz p(kl 0) =

Iim = E{ailn p(x} |z =Kk, 6?)}

nk —>0

AN ANn-1

0 n
iy =iy o p(x; [ 2=k, O) .

A N-1
i)

~n-1

=4, +a 27 (X, -

(/K +1)
0[0 >
(n/K)? +1

satisfy SA conditions

Idea of Stochastic Approximation:

f(0)=E[g|6]
roots of f(@)=u

assume E[(g-f)’|0] < «

9n+1 = en + a, [U o g(@n)]
lime, =0 d
n—oo d
0 o o
Zan =0 Zanz <o I
n=1 n=1

Copyright © 2001-2018 K.R. Pattipati
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Recursive Estimation of Parameters-2

1 Unequal Covariance Case

1 &
_Zxk 1Z(Xﬂ—ﬁk)(lﬂ—gkf Class k
j=1

N, = N, —

[ N N N NSNS

- - 1

1 Covariance Recursion for Class k: «, =
_ii(xj— 1) (xi - 40) A=
_n_ s Ak Ek Zk ﬁk Hk_ﬁk +H(xk—£k )

n 2 An—1 An—l AN=1  ANNT
= — X, — 0"+ —
n 1 — 2{E,(_ A = )X - —0)'}

—(—)z“ (—)(1—3—1+”)(xk AT AT
n— n

kL L
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A n-1 A N-1
—a )X -7
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Recursive Estimation of Parameters-3

&

d Covariance Recursion in Hyperellipsoid Case

» Update means via
ifH:a—EOﬂW4+£§?ﬁ:L2wx3
—! n—! n

[ N N N NSNS

[ For covariance, Suppose nt" sample is from class I.

Then
(6= 27 ) (% = )"
=(”‘C = DS - )0~ )1+ D (60— )~ i)'}
n-C n C-133 ‘ =k j:1_| =

k=l

n_C_l < N— 1 1 n n AN — n AN — 4
= ( )2+ - I2)()_(| —H, 1)()_(| —H, 1)T 4
n-C n-C n n n F
o
_ (n _C _l)in -1 ( ) ( n| . An|—1)(x An|—1)

n-C (—C),‘

Copyright © 2001-2018 K.R. Pattipati LTLLL]
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r| Baxesian Learning |

Posterior probability P(z=i [x) is the key

Have data: D ={51k Xe Xpororrnrns v k=1,2,3, .... C} ={D,,D,,...,.D.}
= we can only get P(z=k [x, D)

p(x|z=k,D,)P(z=k)

C

> p(x|z=i,D,)P(z =)
i=1
O Class conditional density and posterior density of parameters

_ _ _ _ Tough to compute unless
p(x|z=k,D)=[ p(x|@,z=k)p(@|z=k,D,)dg 23" BoomPLE

p(D, |2=k,0)p(8]z=kK) Need Simulation.
[ p(D, [2=k,0)p(@] z=k)d®
%

4
4

P(z=k|x,D,) =

p(@lz=k,D,)=

If p(Dy | 2=k, 6) has
sharp peak at @

[Ip(x12=k.0)p(@12=K) | then so does p(€|z=k, D)) e

__ 1= a3

N j o d
[TIp(xi1z=k.0)p(@]z=kK)dg -

o i1 u

L
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N 4—|Illustration of Bayesian Learning - 1 l

prior variance = 1.00 prior variance = 5.00

Y lik | Y lik
) [ RN ] post . : [ RN ] post
'-

0.5 1 0.5
i A

0.4 i 1. - o4 i%
n l: :

0.3

0.2

0.1

0

gaussinferParamsMeanld from Murphy, Page 121

Bayesian learning of the mean of Gaussian distributions in one dimension.

Strong prior (small variance) = posterior mean ““shrinks” towards the prior mean.

Weak prior (large variance) = posterior mean is similar to the MLE

Copyright © 2001-2018 K.R. Pattipati
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[ TIE Y N

Bayesian learning of the mean of Gaussian distributions in one and two dimensions.
As the number of samples increase, the posterior density peaks at the true value.

kL L
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-0.81
-1
-1.21

O

05 0

0.5

1

15

Equally reliable Sensors (R,G)
Fused Estimate: Black

0.4

0.2

or

Ak

-1.6

fl Sensor Fusion l

-0.2+

0.4

-0.6

-0.8F

1.2+

-1.4F

)

-1

-0.5

0

0.5

1

15

G 1s more reliable than R
Fused Estimate: Black

-0.5

-1.5

sensorFusion2d from Murphy, Page 123

1
0.5

or

-1 -0.5 0 0.5 1 15

R is more reliable iny
G is more reliable in x
Fused Estimate: Black

Bayesian sensor fusion appropriately combines measurements from multiple sensors
based on uncertainty of the sensor measurements. Larger uncertainty = less weight.

Copyright © 2001-2018 K.R. Pattipati
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r| Recursive Baxesian Learning |

Q Likelihood Recursion
Let D ={X, Xy oo X X 3={Dg ", X}

p(D) [2=k,0) = p(xy | 2=k, 0)p(D* ™" |z =k, 0)

1 Recursion for Posterior Density

p(x¢ |2=k,0)p(@]| 2=k, D)
| PO [2=k,0)p(@] 2=k, D *)dg
where p(0|z=k,Dy) = p(d|z=k)

Problem: Need to store all training samples DQk‘lto calculatep(é|z =k, D).

p(@z=k D)=

o

For exponential family (e.g., Gaussian, exponential, Rayleigh, Gamma, : :
Beta, Poisson, Bernoulli, Binolmial, Multinomial) need only few parameters | 4"
to characterizeP(€|z =k, D;*")). They are called sufficient statistics. :
1

Copyright © 2001-2018 K.R. Pattipati 1TLTLLL]
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%1 Recursive Learning of Mean and Covariance

Q Want to learn both the mean vector ¢ & covariance X

NIW (Normal — Inverse—Wlshart)

p(x" | 1.Z,)=N(x2,) and p(,uZ)—p(,ulm kiZ)p(Z IZOV)

I inverse-Wishart

Gaussian

1 1
p(u|m®, 5 2,) =N(gm’, =3
k° k°
0 % _v°+p+1 —lr 0
IW(ZV |ZO,V0) _ Volpz | - |Zv | 2 2t =zh
- | 4
272 Fp(z)

GivenD" ={x",x",...,. X"}, p(&.Z, | D") = NIW (&, =, |m" k", ", 2")

0 n -
0 m 0 X = n — n —
k®+n k +n k k
K" =k’ +n=Kk"'+2Lv"=1v"+n=vm +1

where m" =

n 0
i i n - < . .
=204 (x X)X =X +V—n(§n —m)(x" —m°)" (HW: Get recursive expression)
| 4

i=1

Copyright © 2001-2018 K.R. Pattipati

Wishart is a generalization of
Gamma and chi-squared

v+1|

F()HF( )
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A Recall L({nk})=1£[7rk“k

1 Conjugate prior: Dirichlet distribution

p(z|a)=Dir(z|a)=

[(ay)... F( ac) ka

 Posterior p(z|D",a);N = an

p(z|D",a) =

L MAP estimate

1_1(050) f[ﬂ_ak—l.a _ ia
k 10 k
k=1

k

~ MAP
/4 =

‘ i Bayesian Generalization of Laplacian Smoothing

p(D" | x). p(ﬂla) ['(a +N) Hﬂak+nk_1
p(D" | ) F(Oﬁ +n,)...I(ac +nc) i
=Dir(z|a +n)
Conditional mean (MMSE estimate)
od d
n +o -1 ~mmse _ M + & a4
N +a,-C ‘ N +a, a3
a
Mode and Mean are not the same here! n
a
TT1TILY]

Copyright © 2001-2018 K.R. Pattipati
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Y5 fl OEerations on Gaussians - 1|

ad Sum of Gaussian vectors is Gaussian.
X; ~ N (g, Z)i X, ~ N(u,,Z5,);00v(X,, X,) =2,
X=X %, ~ N(u, + 1,2+, +3,+2,,)
A Linear transformations of Gaussians iIs Gaussian

. T _ -1 B 1
X~ N (,U, Z), y= AX ~ N (A,U, AXA ) Iy :<211_212222212) 2 :<222 _2122111212)
Jpp = _21_11212‘]22 ~ _‘]112122;21

1 Marginal and conditional densities

X H )IED) 3]
Z{‘l} and x ~ N(&,Z); =] ;2:{ . 12}\1:21{ i 12}
)_(2 B B EZ 212 222 \]12 \]22

Then, the marginal & conditional densities are also Gaussian
p(x,)=N (ﬁz’zzz)

. o If X, is scalar
p(x, | x,)=N (,u1 +2,2,,(X, — ,uz), X —2,2,,2,) | (e.9., Gibbs sampling), 44
— — Information form could uu
:N(E1 — Jl_llle (X, — ﬁz)’ Jl_ll save computation. j j
- . - - - o
This is what happens in Least Squares & Kalman filtering 5
Copyright © 2001-2018 K.R. Pattipati LTLLL] :



<51 Marginals & Conditionals of 2D Gaussian

1 Marginal and conditional densities

‘ 1 0.8
X = % and X~ N(u,2); u= # =0 = 1 '00120'2 _
X2 o o Hy pPoO,0, 0, 0.8 1

p(x) = N(ﬂpalz) =N(0,1)
p(X, 1 %,) = N (i + 274 (%, — p1,), 67 (1~ p?)). If X, =1=> p(x, | X,) = N(0.8,0.36)

[ N N N NSNS

F
p(x1) p(x1jx2=1) 1 —p
P T j_| oa-p o (-pY) | _[2778 2222
’ 0.07 - 6l -p 1 -2.222 2778
10+ i 0-10-2(1_p2) 0-22(1_,02)
0.06 - b
51
= T 005f
) ar 1
oy e 1 | gaussCondition2Ddemo?
57 T ' from Murphy, Page 112
10k 0.02f- . 2 |
0.01 1 ir
5 0 5 J
x1 0 0
-5 0 5 5 0 5
1 1

Copyright © 2001-2018 K.R. Pattipati L L LR
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fl OEerations on Gaussians - 2|

Q Covariance matrix captures marginal independencies
between variables

¥; =0 < x & Xx; are independent (or) x; L X;
O Information matrix j == captures conditional independencies
‘]ij:O@XiJ—Xj |{{X1’X2 Xt =%, J}}
— Non-zero entries in J correspond to edges in the dependency network
d Product of Gaussian PDFs is proportional to a Gaussian

‘ ‘1/2

P4, 9,7) = L exp (= 41)T 3, (X b= expA+ 1] X -2 X 3,0)

(27)"
—y-1.,, —y-1 : 1 T1-1
1=ty =, Ei:Jigi,A:—E(pInZﬂ—|n|Ji|+7_7iJi 7,)

[T Pi(%a,37) e p(x;,J") where J =57 =>"J; = J-{ZJ%)
i=1 i=1 i=1

 Valid for division also

EEfF IO L L
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Y21 Sampling From Multivariate Gaussian

X~ N(u,2)=N(u,J7);J =% (Precision or Information Matrix)
Method 1: £=QAQ";z=N(0,1);x= #+QA"*z
Method 2: Cholesky Decomposition of = LL";z=N(0, 1);x=u+Lz

[ N N N NSNS

Method 3: Given Cholesky Decomposition of Precision Matrix, J = BB',
z=N(0,1);Solve B'y=z;x=pu+y
Method 4: Gibbs sampler using Covariance Matrix/Precision Matrix

AL e Sl e

= p(X [ X)) ~ N(z +2i,—iz:il—i(X—i —H -)’O-i _zi,—iz:i,—izi,_i)

J
—N(u.—T Xi—H )J—)

Methods 1 and 2 require O(n®) computation. Method 3 can exploit sparsity of J.
Information form of Gibbs sampler does not require matrix inversion! Relation

o
ol
o
o
to Gausee-Seidel, successive over-relaxation, etc. https://arxiv.org/pdf/1505.03512.pdf n
L
L
L

kL L
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&

ML versus Bayesian Learning

ML

Bayesian

Computationally Simpler
(calculus, optimization)

Complex Numerical

Integration (unless a
reproducing density)

Single Best Model.

Easier to Interpret
p(x|z=k,D,)=p(x|z=k,0)

Weighted Av. of Models
p(x|z=k,Dy) =
[ p(x16.2=K)p(@]2=k,D,)d@

Does not use a priori
Information on @

Uses a priori information
on @

Copyright © 2001-2018 K.R. Pattipati
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4 fl Density Estimation: Histograms '
o
ad * Assume x was already standardized, then to construct a
: histogram, divide the range into a set of B evenly spread bins
» Then,
h(b)=% . b=12 .....B
where K, = number of points which fall inside the bin
¢ B is crucial ~ °=3
¢ B large = Est. density is spiky (“noisy”) N AN
¢ B small = Smoothed density B—7
There is an optimum choice for B
¢ = ereisa P ~v~/ \TI
«d d
We can construct the histogram sequentially > B=12| I q
considering data one at a time 7 N .
L
Copyright © 2001-2018 K.R. Pattipati LT LLL’ :



@ Major Problems with Histogram Algorithm

« Estimated density Is not smooth (has discontinuities
at the boundaries of the bins)

[ N N N NSNS

» |n high dimensions, we need BP bins (= curse of
dimensionality = requires a huge number of data
points to estimate density )

* In high dimensions
— Density is concentrated in a small part of the space
— Most of the bins will be empty = estimated density =0

— As the number of dimensions grows, a shell of thin,
constant thickness on the interior of the sphere ends up
containing almost all of its volume = most of the volume
IS near the surface!

kL L

EEfF IO L L

Copyright © 2001-2018 K.R. Pattipati L L LR



[ N N N NSNS

&

Kernel and K-nearest Neighbor Methods-1

] General 1dea

Suppose we want to find p(x)

So,

Prob{xeR}=

E[k]= NP

P= [ p(x)dx =Prob{xeR}=1-P

xeR

Suppose draw N points from p(x)

. N Nk
Prob{ k of these fall in R} = ) P‘(1-P)" ™ =B(k;N, P)

Expected number falling in region R

N N N N
E(K)=D> k|  [P“Q-P)N*_ k(1 pyV* _
(k) kZO (kj (1-P) ;k[kjp 1-P)N* _

= NP

Copyright © 2001-2018 K.R. Pattipati
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&

Kernel and K-nearest Neighbor Methods-2
. . o . E[k]
Expected fraction of points falling in region R = N - P

) k k i N k ’ N K N—k __ P(l_ P)
Variance of N :EKW_P) }:Z(N_P) (ij 1-P) " = N

k=1

As, N—so0, variance {0

= P~= %is a good estimate - (1)
Also, P=[p(dx~pV ... )
R
So, |[p(x)V = X or, |p(x)= L (3)
N NV

kL L
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Note that R should be large for (1) to hold. However, R should be small for
(2) to hold = 3 an optimal choice for R,

Copyright © 2001-2018 K.R. Pattipati L L LR
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relative

probability
4
0.5 r
I 20/
B 100
' -
0 P=07 I K
N

We are trying to estimate P via p()_();LV. As N increases,
the estimate peaks at the true value (it becomes a delta function)

e oL L

Copyright © 2001-2018 K.R. Pattipati L L LR



Kernel and K-nearest Neighbor Methods-3

&

 There are basically two approaches to use Eg. (3) for
density estimation
¢ Fix V and determine k from the data = Kernel Based Estimation
¢ Fix k and determine the corresponding volume from the data =
k-nearest neighbor approach.

[ N N N NSNS

¢ ¢ Major Disadvantage: Needs all data

Both of these methods converge to true densities as N—oo, provided
> V4 asNT = V—0as N —»w
> kT as NT = k—o as N »ooand k/IN — 0

Typically selectV = i for ker nel —based methods

JN

Select k = +/N for k —nearest neighbor methods

Copyright © 2001-2018 K.R. Pattipati
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' fl Selection of V and k l

n={ n=d n="4 n=1Ib n= I
L L LML LT
* - ‘t 'ﬁ':-’
* e [ -y 3 - i “""'-".':';lun
V, =1/~\n . N D I IRORR A4S - S
. * . .: * "'..“."
P R
[ ] [ ¥ 9 T aw h’h
- i ! .E,':l-.
. - g
. i N oy i
I‘-fr=\|l'; . . ®. 1"& *
. . .: o
-. 1:‘:" -‘i':,

FIGURE 4.2. There are two leading methods for estimating the density at a point, here
at the center of each square. The one shown in the top row is to start with a large volume
centered on the test point and shrink it according to a function such as V,, = 1//n. The
other method, shown in the bottom row, is to decrease the volume in a data-dependent
way, for instance letting the volume enclose some number k, = /n of sample points.

The sequences in both cases represent random variables that generally converge and 4 4
allow the true density at the test point to be calculated. From: Richard O. Duda, Peter n :
E. Hart, and David G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & %
Sons, Inc. N

L

L
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L Kernel Estimators
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Parzen Window

f|Kernel Estimators-ll

1
1 for|u. <=

0

1=12, ...

otherwise

P

—> For all data points X, the quantity H (
the point x! falls inside the hypercube mbside h at x and O otherwise.

— Total number of points falling inside the hypercube is k =

« Suppose we take the region R to be a hypercube with sides of length h
centered on the point x. Itsvolumeis v =P

« We can find an expression for k, the number of points which fall within
this region, by defining a Kernel Function, H(u). It is also known as the

H(u) is a unit hypercube
centered at the origin.
Gaussian windows could
be used as well.

j
X=X ) is equal to unity (1) if

N Z_ZJ

H(
= h

)

kL L

1 N

. K X=X
=P =T = r 21

j=1

X—X

j 1=

)

Copyright © 2001-2018 K.R. Pattipati

EEfF IO L L



[ N N N NSNS

L
7
Pt

e
o
"l

=
=

-ﬁ
7

i
-.'.._-'-:r e,
g

=
=]

B o ]
L

S

h=05 h=02

Example of two dimensional circularly symmetric normal
Parzen windows for three different values of h

o
-
X 1 1, X
HE) =————exp[-Z|| = 4
()= Gy P 1 :
Copyright © 2001-2018 K.R. Pattipati L LLL
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Copyright © 2001-2018 K.R. Pattipati

f|Kernel Estimators-Z'

K 1

. N x—
X)=—— = H| 22
PO=v ~we 2

= P(x)=superposition of N cubes of side h,
with each cube centered on one of the data points

—> We can smooth out this estimate by choosing different forms
for the kernel function H(u). Example: Gaussian Parzen Windows

o 5 )

1 Convolution of H and p.
= ﬁ,[ H(x-v)p(v)dv - Blurred version of p(x) as
! seen through the window

Large N = Good estimate for h {0
Small N = Need to select h properly
For small N, h small = noisy estimate

kL L
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L]
i
.
A

&

i
L

Three Parzen-window density estimates based on
the same set of five samples, using the Gaussian
Parzen window functions

Copyright © 2001-2018 K.R. Pattipati
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h, =05

A A
/N iy
YN N AL

SN NN

Parzeh window estimates of a unlvarlate normal denS|ty usmg
different window widths and numbers of samples

EEfF IO L L
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Parzen-window estimates of a bivariate normal density using
different window widths and numbers of samples

EEfF IO L L
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, [ Bimodal Density Estimation l

h=1 h,=0.5 h,=0.2

I ) )
n=1 /\ J K
i i 2 ki L L] 0 ! 2

~laa s L

m’Am F/\m & A
VNI VNIV

o
od o
Parzen- Wlndow estlmates of a blmodal dlstrlbutlon using dn‘ferent wmdow widths j j
and numbers of samples. Note that when n—o0, estimates are the same and match a
the true distribution. :
Copyright © 2001-2018 K.R. Pattipati 1TLTLLL]
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fl Gaussian Windows:PNN '

Volume of a hypersphere in p dimensions of radius o =

'(a)= jwua‘le‘“du

. (x— x) (X— x) B
p(x) = (Zﬁ)p,za NZ p{ = } o=h

= sum of multivariate Gaussian distributions centered at
each training sample.

2(7)""? of
I'(p/2) p

N —n,

(can also do foreach class p(x|z=k)= , )
X" > Xy

A 4

Also called “Probabilistic Neural Network (PNN)”

Small o = density estimation will have discontinuities
Larger ¢ = causes greater degree of interpolation (smoothness)

kL L

EEfF IO L L
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N 4 f|Probabilisti(: Neural Network-ll

 Note that each component of x has the same o

[ N N N NSNS

——— >| Must scale x; to have the same range

Scale

i

Compute X,

Copyright © 2001-2018 K.R. Pattipati

~

PNN is fairly
insensitive to o over a
wide range.
Sometimes, it is easier
to experiment with
than compute it this
way.

EEfF IO L L



[ N N N NSNS

@ ' f|Probabilistic Neural Network-zl

PNN structure

1 X2 .................................. Xp Input UnitS

G @ Pattern Units 0 e Q
1 1
(27)*"? o Pn, (27)"?oPn,
: P(z=1) P(z= e
Summing
Units
Pick Maximum Output Unit -
od o
« Speed up PNN using cluster centers as representative patterns j j
— Cluster using K-means, LVQ,.... :
Copyright © 2001-2018 K.R. Pattipati LT LLL :
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[Probabilistic Neural Network-zl

One form of Pattern Unit structure

p x| 12

J = sample number 5
k—c_lass | LT 1 A R
p= dimension of pattern Zie =X X—3 | x| —> | X |l

Copyright © 2001-2018 K.R. Pattipati L L LR
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NS & [Probabilistic Neural Network-3l

Second form of Pattern Unit structure

X1 X2 o
Ol lek N lxzjk ¢ lXék
® ® ®
X, — X\ X, _ijk X, —Xék
square square square
>
z) = x=x; I

J = sample number

k = class lK
p= dimension of pattern .

N
8
Lk L L

EEfF IO L L
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@J—Lélternative forms of Kernelsl

U Alternate forms of Kernels:
1 N 2 p j
X) = exp| —— X. — X
p(x) thjZ_; p hi;" 4
Manhattan Distance, 1-norm
1 S (x —xH2 ] o
x) = 14200 Cauchy Distribution
P N(nh)p;irll[ p? } g

EEfF IO L L
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 Decide on K, the number of clusters in advance.
O Suppose there are N data points, D = t& XM
QO Want to find K representative vectors {, 4. . .. .. i

1 K-means algorithm seeks to partition the data into K
disjoint subsets {C;} containing {n;}points, in such a way as
to m|n|m|ze the sum of squares clustering function

J=1 IeC
clearly if {c,} are known, then
. |
i Z The means of clusters a
g n, & “Cluster Centers” 0
“Codebook Vectors”

Copyright © 2001-2018 K.R. Pattipati L L LR
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&

Batch Version of K-Means Algorithm

L K—Means Algorithm-Unsupervised Learning

1) Start with any K random feature vectors as K centers.
Alternately, assign the N points into K sets randomly and

compute their means; these means serve as initial centers.

2) Fori=1,2,..... N
Assign pattern i to cluster C, if j=argmin|lx -z, |
: 1 i
3) Recompute means via: A, 'y X
i 1eC;

4) If centers have changed, go to step 2. Else, stop.

Covariance of each cluster: x, =

IeC

Copyright © 2001-2018 K.R. Pattipati

Xi—p)(%—p,) etc.

kL L
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___Initialization _J
U Initialization (Recall David Arthur and Sergei Vassilvitskii’s
“k-means++: The Advantages of Careful Seeding”,

Eighteenth Annual ACM-SIAM Symposium on Discrete

Algorithms)
a. Choose initial center at random. Let n, be the data point.
Letﬁlzgnl.
b. Fork=2,..,K
Forn=1,2,.,N&n#n;,1=1.2,.k-1
D” :1gi1§ikr11 Xn _EIHz or D” - exp(lipsikrll Zn _EIHE)
End
Select 4, -x probabilistically )=~
elect » =x* probabilistically P“ S o)
Store n, 12, k1
End

Copyright © 2001-2018 K.R. Pattipati L L LR
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{ Selection of K I

Pick K to minimize the sum of errors (training error) +
model complexity term. The sum is called prediction error.

PE =— ZZ X"y 2+2Nﬁa
J=1 neC;
where &2 IS the varlance of noise In the data.

Kurtosis based measure 4

_ Kurtosis for normalized Gaussian E! TH ]:3
(o)

— Find Excess Kurtosis for each cluste

4
X' — gL
K__ZLZL' 'uJ'J ~3 =12, P

kL L

EEfF IO L L

— Plot K; vs. K and pick K that gives minimum K;

— Can also use this idea in a dynamic cluster splitting scheme (see
Vlasis and Likos, IEEE Trans.- SMCA, July 1999, pp-393-399).

Copyright © 2001-2018 K.R. Pattipati L L LR
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| Online Version of K-Means |

1 Online Version

« Start with K randomly chosen centers_, {ﬂj }*f N
]=

 For each data point, update the nearest ,uj via
— Vector

; i joi > Quantization via
+n(X — H. ) Stochastic
Approximation

- New |

J

uoo=u

Leave all others the same. )

Can use it for dynamic data.
For static data, need to go through data multiple times!

kL L

EEfF IO L L
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|Supervised Algorithm |

O Supervised Algorithm (=Learning Vector Quantization
{know class labels'})

) Start with K codebook vectors.
o For each data point x' = find the closest codebook
(or center) 4.

s new |
J

poo=p

d i jold ] .. L.
+a(X =g ) ifxiis classified correctly.

d :old

—a(X' -¢")  if xiis classified incorrectly.

s new

J

pho=p

It is a version of reinforcement learning

We will take up the variants of the algorithm in Lecture 8.

Copyright © 2001-2018 K.R. Pattipati L L LR
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fl k-Nearest Neighbor Approach '

1 k-Nearest Neighbor Approach

» Fix k and allow the volume V to vary

p(x) = L V is the volume of a hypersphere centered at
- N

Vv point x and contains exactly k points.

Again, Small k = noisy
Large k = smooth

Major use of k- Nearest Neighbor Technique is not in
probability estimation, but in classification.

» Assign a point to class i1 if class i has the largest number of points
among the k-nearest neighbors = MAP rule

A n.
p(x|z=i)=—- P(z=i)=—

v N 4 'd

—1 — 1 I |

)= |p@=iy =PQIZ=DPE=D ko 1 ki,

NV p(X) nv N k K |fam

a

L

L

Copyright © 2001-2018 K.R. Pattipati T9T1 11
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d

X2 A

: fl 1-Nearest Neighbor Classifier '

1-NIN Classifier

1-NN classifier has interesting Geometric Interpretation

1-NN Classifier X1

Decision
boundary

Copyright © 2001-2018 K.R. Pattipati

eData points become corner points of triangles
spanned by each reference point and two of its
neighbors. The network of triangles is called
Delauny Triangulation (or Delauny Net).

ePerpendiculars to triangle’s edges run borders of
polygonal patches delimiting local neighborhood
of each point. Resulting network of polygons is
called VORONOI Diagram or VORONOI Nets.

sections of

eDecision Boundary follows

VORONOI Nets.

e 1-NN & K-NN adapt to any data; high
variability & low bias.

kL L
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Gaussian Mixtures, Maximum Likelihood and
Expectation Maximization Algorithm - 1

 Why Gaussian Mixtures?

« Parametric — fast but limited

« Non Parametric  — general but slow (require lot of data)
RBF

e Mixture Models Conditional Density Estimation

(function approx.)
Mixture of experts models

p(x) = Z pxI NP S

> Similar technique for p(.) = p(x|k)
J k=12,...,C

>

=1

EEfF IO L L
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Gaussian Mixtures, Maximum Likelihood and
Expectation Maximization Algorithm - 2

p(x| ) =N(g .2))

[ N N N NSNS

= N(ﬁj,afl) typically

ks 1B
1 20'12

2)p/2

- (270

Problem: Given data,

1 .2 N : I "
D:{x X" ... X } find the ML estimates of {P-,uj,G,-}
— j=1

Let 6 = {P- ,uj,()'j}

| R

kL L

L = max p(D|O) :>m51xI=[In p(D]9)] :>m6in[-lnp(D|Q)]=J

Copyright © 2001-2018 K.R. Pattipati L L LR



Gaussian Mixtures, Maximum Likelihood and
Expectation Maximization Algorithm - 3

[ N N N NSNS

N i N M - min J
] :_Zln p(x',0) =—Z|n ZP(E /)P Y
=1 BN st.) P.=1; 0<P <1
_ =
85_3 :_ZN: _ 1 P apa()i“) Lagrangian:
g i-1 x'[K)P, oy 4
’ ;p(—”k | =344 P -2
i=1
| {u(zigj)nzj i i
ool X'Ii 1 202 Ko~ X o B T2
p(—“) = — > /ze J > :_p(X“) J 2
ou (270,")" of ]
aJ _ZN:P(lei)ﬁ,— - X 1) Note the Simplicity 4
S0, 5~ < . \— PR of Gradient o
_ a
posterior a
a
N

Copyright © 2001-2018 K.R. Pattipati L L LR



Gaussian Mixtures, Maximum Likelihood and
Expectation Maximization Algorithm - 4

[ N N N NSNS

N s
S_J =Y — 1_ P ap@()_(lj) Dimension of
oy i_lzp(xlk)Pk‘O-j/ feature vector
k=1
S X —u, I
mex){p— =) } ()
i=1 g g
ol N 1 i
P Z—ZM _ px [ 1)+4
j = p(X [K)PR,
k=1
%, P(jlx') i IR !
=) > + A =5 =Y PGIX)+AP | i, (3) .
i=1 j j i=1 o
o

Copyright © 2001-2018 K.R. Pattipati L L LR
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Gaussian Mixtures, Maximum Likelihood and

> =

o
4 Expectation Maximization Algorithm - 5
o
o
: 50 )y Necessary Conditions of Optimality:
l A .Z-;‘ (X)X Set Gradients Equal to Zero
"% From (1), |#4,="=%

D P(ilx)

i=1

N _ _ General Case:

. 145 : > P ~ ) - )

M _ M
noting that, > P(j|x')=1and > P,=1wehave A=N |=

=1 =1

These are coupled non-linear equations

Copyright © 2001-2018 K.R. Pattipati
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& f|Methods of Solution: NLP l

L Nonlinear Programming (NLP) Techniques

'V, IV, el |

Copyright © 2001-2018 K.R. Pattipati

— SD or Gradient Method

— Newton’s Method

Best to compute
Hessian using finite
Difference method

T Levenberg-Marquardt Method

"= Levenberg-Marquardt version of

Gauss Newton Method

Various versions of Quasi-Newton Method

kL L

Various versions of Conjugate Gradient method

EEfF IO L L



4 fl EM Algorithm l
o
J -
d EM Algorithm
: J Gauss-Seidel view of EM
3
[l ZN: A old (Gl xi)xi How did we get these equations
T JIX)X and Why?.... Later
M-step |4 = — T « By setting gradient to zero (M-step)
D PY(j]x) « Evaluating posterior
-1 Probabilities/Responsibilities (E-step)
N
Y PEGIX) X =™ |
= — E-step
PRI |
i=1
e X'| )P aa
A 1 LI Id / - i PneW(J|XI): p(_ J 4 Jd
P™ =~ P (jlX) s A a %
TN D p(x'|m)P; %
m=1 A
a
Copyright © 2001-2018 K.R. Pattipati LT LLL’ :
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fl Sequential Estimation -1 l

1 Sequential Estimation ~ Stochastic Approximation

A n+1

1

n+1

ZF’(J'IXi)Xi

n+1

ZP(JIX)

ZP(JIX)

» P(jl

XI’H—l)

n+1

ZP(JIX)

n+1

i

ZP(JIX)

Copyright © 2001-2018 K.R. Pattipati

Note:

LO2PGIO PG
PG PG
: ZP(nx) o1

PRGN PG
L PGIX) 1

P(j|x"™) 7}

kL L
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] F N 1 P(jlx") 1
» Sometimes replace, ,m-PUIX ) o .= Ulx) 1,
T (n+pP n- PUIXT) 7
. S PG X)X -4 | B
Similarly, é§"_3i21 : — R Q nsfl‘ )_ n
P ZP(”ZI) - QJ_P(HX )+P([x7)
s - i i AN+l 12 L - i i AN AN AN+l 12
o A 2PAEONX =T D PUIOIX + 2" - =]
éj =— = n+l === n+1
p P( i p . i
j1x) P
2 2. P(i1x)
o - i i_An 2 i_An T AN A _An+1 2
_E;P(nz){nz B X =i ) (@ - e A - ||}
P > P(lx)
S P [x) -
~2N 533 1P n+l An 1 AN AN+l 12
st 13 s (LAY B (P

P(j|x") pzpmx)

Copyright © 2001-2018 K.R. Pattipati L L LR
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*5 ~|Sequential Estimation ~ Stochastic Approximation -3

n+1 AN 2
n P(ilx™ || x —H I n 1 .
=g§+mf”j ?[ LSt —Boug—u_ﬂfj
> P>ilx"Y)
i=1

A2+l on 1 1 A A 2N 1 ~ AN+l
5’ =gj+nr{5nf“—ng—gj}——Quﬁ—u“nﬂ

A 2N n+1 n+ A 2N
=g?+nj{—ﬁ. )| X" -4 n—gi}

Re call

« Similarly, i 1_/}” e [_ +1_ﬂn}

P = P“+—[P(J|x””) P“]

kL L
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[ N N N NSNS

JneW_Jold :_ZN:In|: pneW(Z- )i|
p i

N anewpneW(_“) O (Jl_)

__iZNl:In p(x') :‘Z'”(Z p(X | )P j

Copyright © 2001-2018 K.R. Pattipati

Pold(Jl_ )
= — I
2In (%)
]
KLinIp)
1 -In L(g,0)=Q(6, 8°'9)
J=-In p(x|&) l
]

O Key ideas of EM as applied to Gaussian Mixture Problem

dea:

X : data

Z:hidden variables (mixture)

@ : parameters

g(z) = any arbitrary distribution
—Inp(x,z]0) =-In p(z| x,0) - In p(x] &)

L —Inp(x|9)=—E,[In p(x(z)'e’]

InL(g,0)
p(z|x,0)
E [In
+E,[In ) ]

—KL(q(2)llp(zIx,9))
=J =-InL(q,0)-KL(q(2) || p(z|x,0))
J<-InL(q,0) " KL(q(2) || p(z|x,0)) =0
E —step:q(z) = p(z|x,6°")
M —step: 6™ =min[-In L(q,9)]

[

=min—E,[In p(x,2] )]

=minQ(4,4™)

Note:-InL(q,0) =Q(6,6™) =Q(8,6™) —H,(z,6™

kL L
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&

« For convex functions,
—In[Zilxi]S—Z/Ii Inx, where) 4 =1, 2 >0
N M . _ P_newpneW(Xi | _l)
j\]new_\]old < — Pold Xl)ln J _ _
le,; ulx [p"'d(X') P°'d(jIX')]
N M new I
_ POl (i [y VIn| P (X_,J)}
21,2‘ Ulx) {pmd(x',j)
N M . )
= 3™ <=3 Y P X )In p™(X, ) =Q(6,6°°) =-InL(q,0)
i=1 j=1 7
q(z,6°)

= Minimizing | will lead to a decrease in J(6)

J neW(HneW) < Q(HneW,HOId) — KL>0

Copyright © 2001-2018 K.R. Pattipati

‘Jold

Note :at 0,3 (6°) =Q(6°",0°") = Force KL =0

Q(6,60°) and J(0) have the same gradient at 6°

EM Algorithm for Gaussian Mixture Problem-2

J(0)

Q(6, rew)

kL L
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&

EM Algorithm for Gaussian Mixture Problem-3
Dropping terms that depend on old parameters, we get
AL Id /5 o iy - L ld gzl -
Q==2"> P (j1x)In[ Pl p™ (x| j) =D > P (il x)In| p™(x', )|
i=1 j=1 i=1 j=1
For Gaussian conditional probability density functions
R old 7 : [ new new ” )—(I _Erj]eW ”2
i—1 j-1 ZGJ-
« Optimization problem:
— min Q
M
— st Y P™ =L P™ >0; j=12,........ M
)= d'a
od o
o 'd
< °d
a
a
a
0

Copyright © 2001-2018 K.R. Pattipati L L LR
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N
D P(IX )X
new i=1
~ N
> PG
i=1
ZN:PO'd('| |)” i o ”2 General Case:
J X X _lLl N . i i A NEW i ANEWNT
s _ 153 — > PG - A - )
J N _ new _ -1
P > P | SR (j]K)
i=1 i=1
Pnew iZN: Pold( |X|) j
Ny :
d

EEfF IO L L

Copyright © 2001-2018 K.R. Pattipati L L LR



Graphical Hlustration of E and M Steps

O E-step

5 5 KL(allp)=0

J=-InL(a,8)- KL@@) |l pz] . 6))
J=-Inp(x|@°) Q& €°) =-INL@.0°)  j<_InL(9,6) KL@(@)Il p(z]x 6)20

[ N N N NSNS

l l E—step:q(z) = p(z|x,6")
=-InL(q.6™)=-Inp(x| ")
0 M-step Why?
2 KL(a(2) |l p(z]x,6°)) =0
Kqu||p) I M —step: ™" =arg an[— InL(q,9)]
; Q(6, 6°%) =-InL(q,6"™") = ~-InL(q,8™)=~Inp(x|8™)

J=-In p(x|&™") | why ?
: - KL(A(2) = p(z]%.6”) |l p(z] X 8"™)) 2 0

kL L
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Note: EM is a Maximum Likelihood Algorithm. Is there a Bayesian Version? Yes: If
you assume priors on ({#, &%, P;}) called Variational Bayesian Inference.

Copyright © 2001-2018 K.R. Pattipati L L LR



12¥+21 An Alternate View of EM for Gaussian Mixtures - 1
<

: Hidden
a 3 zis a M-dimensional binary random vector such that £ (Latent
3 Variables
a

§

M
z.e{0,}and » z. =1
J JZ:;‘ J X Observation

P(z,=1)=P, = P(2) = IM[ p?

j=1

O xis a p-dimensional random vector such that

p(x|2)=] [INCx 2T
= p(x)=>_ p(x,2)=> P(2)p(x|z)

M M only possible z vectors:

:ZH[PJ'N(EEJ-’EJ)]J:ZPJN(X;EJ-’ZJ') zefe:i=12,,M} |37
z j=l j=1

- - - e, =i" unit vector an
pdf of x is a Gaussian Mixture aD
L
d
'a
Copyright © 2001-2018 K.R. Pattipati T1LLL]
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&

An Alternate View of EM for Gaussian Mixtures - 2

O If have several observations {x": n=1,2,..,N} , each data point will have

a corresponding latent vector z,.
Note the generality

Problem: Given incomplete (partial) data, /

1 2 N . : M
D:{x X ..0X },fmd the ML estimates of {P.,y_,Zj}_

T

M
Let 0= { P 2|

j=1

m@inJ where J=-Inp(D|8)

Complete Data:

D, ={(x.2), (",2°) ....(x",2") } P
o |

N M i 0 1 1 , .

— —In p(DC|Q):nZ=;jZ=1:zj{—In Pj+Eln27z+§ln|Zj|+§||g -4, ||2}1} .

EEfF IO L L
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An Alternate View of EM for Gaussian Mixtures - 3

&

O If had complete data, estimation is trivial. Similar to Gaussian
case, except that we estimate with subsets of data that are
assigned to each mixture component

O In EM, replace each latent variable by its expectation with
respect to the posterior density during the E-step

[ N N N NSNS

2 > E(2)|X.0)=P(z] =1|X".0) =7,

PN(X”',u Z;)
P(z] =1|x",0)=— =y; | Responsibilities

ZPN(X 4,2 )

d In EM, minimize the expected value of the negative
complete-data Iog likelihood during the M-step

Z{—|I’1 p(D.|0)}= ZZ)/J{—lnP +gln27r+—ln|2 |+—||X e ||21}
(6’ (gold) n=t

kL L
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EM Algorithm for Gaussian Mixtures -4

1. Initialize the means {ﬁj}?ﬁzv covariances {Zj}ﬁ"zl, and mixing coefficients {P,-}?"zl-

N M
Evaluate J=-In p(x|8) =->_In{> PN (gn;ﬁj,zj)}

n=1

n_
7/1_|v|

> RNKX"4,.5,)

k=1
N

N, => 7" i=12.,M
n=1

3. M-step: Re-estimate the parameters using the current responsibilities

new 1 i n

Hoo=——D 7iX

Ly Nj — J
1 N n new n new~T

2'}ew=N—Zy}‘(x S (ST
j n=l
N .

TN

If not converged, go to step 2.

Copyright © 2001-2018 K.R. Pattipati

2. E-step: Evaluate the responsibilities using the current parameter values

PjN(Xn;ﬁj,zj) . )
:j=12,.,M:n=12,.,N

For unbiased estimate of covariance,
1

N 2
>(77)

(N, -2 )
J Nj

Divide by

Goes to 1/(N; -1)
for (0-1) case

4. Evaluate the negative log likelihood and check for convergence of parameters or the likelihood.

kL L
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¢z 1 lllustration of EM Algorithm for Gaussian Mixtures

iteration O, loglik -Inf iteration 1, loglik -4929.3761

iteration 2, loglik -441.9557

average loglik

iter

kL L

Murphy, Page 353, mixGaussDemoFaithful

Copyright © 2001-2018 K.R. Pattipati

EEfF IO L L



Relation of Gaussian Mixtures to K - means

4 R oYy
4
d :
r Suppose X; =¢l forj=12,.,M
a Then
‘ n
N Y = — ;i=12,.,M;n=12,..,N
Y PN p, . 6l)
k=1 o
n Pje—ux”—y,.uzfzs
= 7/1 - M n 2
Z Pke*”l ~u P12
k=1
Ase—0
y; —>1f j=arg mkin | x" — 4, |I; the rest go to zero as long as none of the P, is zero.
The expected value of negative log likelihood of complete-data is
1 N M i N )
E,{-Inp(D, IQ)}—Z—nZ:;,JZ:;,y,- [ X" =, |I” + constant . n
LW da
So, K-means minimizes => >y || X" — x| 44
273 j=1 -/ < d
o
L
L
L

Copyright © 2001-2018 K.R. Pattipati L L LR
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{ Variational Bayesian Inference - 1 I
] ] ] Hidden
O w is a latent vector (continuous or discrete) W (Latent)
— Mixture vector (discrete), z Variables
— Parameters ({#4, %, P })
O xis a p-dimensional random vector 2 Observation
O Recall

J ==Inp(x) = =In L(q(w)) - KL(q(W) || p(w]| X))

~InL(aw)) =~ a(w) In{ péfv’vv;v)}dv_h 0 (In POt W))~ H, (w)

KL@aW) || pw[x) =~ q(v_v)ln{ pévzvv'vf)}dv_h ~E, o (In PW[ X))~ H, (W)

J ==Inp(x)<-InL(q(w)) .~ KL(q(w) || p(w]x)) =0

O Variational inference typically assumes g(w) to be factorized
q(w) =] [, (w, ): fw,} are disjoint groups (2) (=
j=1 '

Example: q(w) =q(z) q({x.Z;,P,})

Copyright © 2001-2018 K.R. Pattipati L L LR
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—InL = I
nL(qw)) =-| W=

{ Variational Bayesian Inference - 2 I

L Minimize the upper bound -InL(g(w)) with respect to g; (w;) while
keeping {q; (w;) : i #j} constant (a la Gauss-Seidel)
p(x, w)

== [ a;(w;){In pCx w] g, (w)d

'MX

I
[mN

}dw——mmw) Inp(x,W)}dw-3"H, (w)

Wl}dwj _qu (V_Vj)_ini (V_Vi)

i i

ol=InL(aw))] _

aq; (w;)
In| q;(w,;) ] e E,,;[In p(x, w)]
Ei.j[In p(x,w)]
- qj(V_Vj) =

J‘eE#,-[In |D(x,v_v)]dv_vj

Copyright © 2001-2018 K.R. Pattipati

E.; I p(x,w)]

~E,,;[In p(x,w)]+1+In[ g;(w;) | =0

Log of the optimal g; is the expectation

of the log of joint distribution with respect
to all of the other factors {q; (w;) : i #j}.
This idea is used in loopy belief propagation
and expectation propagation also.

O lterative algorithm for finding the factors {q; (w;)}

kL L
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N 4 { Application to Gaussian Mixtures - 1 I

O Here w involves mixture variables and component parameters
aw) =a(z) a{g,.2;, PHL)

Z is a binary random vector of dimension M

[ N N N NSNS

O Model assumptions
N M

Mixture Distribution: p({z"},, {P} L) =] ] ] ij?

n=1l j=1

Data Likelihood given latent variables:

X" W M2 W e 2 1) = TTTTINGS 2, 2T

n=1l j=1

We also assume priors on {P;, . ,Zj}ﬁ":1 — Bayesian approach
'Meg,) &
(F(ao))M j=1

') = _[: e 't*dt; T(a+1) = aT(a);T'(n) = (n-1)! for integers

p(P) = Dirichlet(P | ) = Pj“O‘l; conjugate prior to multinomial

kL L

EEfF IO L L
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{ Application to Gaussian Mixtures - 2 I

O Model assumptions (continued)

di ion, G
p(u, 2 1) = pu ¥ HE HL) pEE L) / 'Sgggisggjﬁgi;ggk amma

n=1 j=1

r(Ma,)

(T(exy))

Copyright © 2001-2018 K.R. Pattipati

,Bl Z) WIShaI’t(Z Vo, W,)

0

O Joint distribution of all random variables decomposes as follows:

P Y 2 H APy 1 2 L) = pERL {2 L e 21D,
P Y P ). P(R). PG 1 1) PUE L) \

{1tz | © DS

PN (u mo,ﬂiz ). Wishart (= v, W)

M
M J
j=1

0

<

EEfF IO L L
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N 4 { Application to Gaussian Mixtures - 3 I

O Variational Bayes M-step (VBM-step).... It is casier to see M-step first

INAMP; 22,2 1) = By, (IN PO A2 NP 2, T 1)

InTTTTIPNG™ s 2 217

n=1 j=1

a{z" ) F(MCZO) [ M
(F(ao))M

j=1

[
N

i[(ao—1)+i5[z?]]|n P

N;

+

n=l j=1‘“~——
n
Vi

Copyright © 2001-2018 K.R. Pattipati

0

ZN:_%E[ZH"‘ N(Zn;gj,Zj)+Constant

1
il 3
S )

0

. 1 : _
[P 1.N(ﬁj;mo,zzj). Wishart(Z;";v,,W,)

SN

+ InWishart(Z}l; vy, W,)

|

+const.

q({Pj ’ﬁj’zj}l}ﬂzl) =q(P) q({ﬁjizj}'}ﬂzl)
q(P)= Dirichlet(P;{e, + N, =, }}))
q(ﬁj ,Z;) = Gaussian —Wishart

kL L
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N 4 { Application to Gaussian Mixtures - 4 I

O Updated factorized distribution after M-step
q({Ppﬁjazj}'}A:l) = q(E)q({ﬁjaZj}l}Aﬂ)

. _ M a, o, +N;
q(P)=Dirichlet(P;{a, +N; =;};,) > E(P,)) = ——= Ma, + N
k=1 ‘
q(ﬁj ,Z ;) = Gaussian —Wishart
1 i _
:N(Ej;mj,sz).WBhart(Zjl;vj,Wj)
J
N
Bi =P+ NjiN;=> yj
n=1
1 -\ = 1 O " o
mjzz(ﬁomoJrNjgj); .:N—Zy Updates for {N, x;,S}
j j n=l . .
BN, — ~ are similar to ML
WL =W, +N S + 1’ (x —mg)(x —m,)' 33
o TN - 4
1 N _ _ Sequential VBEM? "
WhereSJ—=N—ZQ/?(§”—X])(§”—X])T I |
j n=l ‘
vi=v,+N,; :
Copyright © 2001-2018 K.R. Pattipati 1TLTLLL]
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\’

I & { Application to Gaussian Mixtures - 5 I

O Variational Bayes E-step (VBE-step)
INGUZYL) = By, s gey (N PAXRLAZ AP 2 2 0]

B “ 2}Jl)(lnl_ﬂ_[[P N (x" HZ)] J]+constant

=1 j=1

N M

- n ny N ny N M
gty 2277 | I PAX N K2R 2 1) |+

= J:l

Eqey '”IP({Zn}rT:ll{Pj}?”zl)l +cons tant

P

N M
=22 7] Inp;
n=1l j=1
n 1 p 1 n
where Inp] = E, [In PJ.]+ 5 [In |27 |] ) In(27z)—§ Eﬂj'Ejl (||§ —u, I

n
Pij
M
K=

= ({2} = HH[%] where y; =

... responsibilities

L D o |

1

Copyright © 2001-2018 K.R. Pattipati
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{ Application to Gaussian Mixtures - 6 I

O Variational Bayes E-step (VBE-step) ... continued
— Evaluation of responsibilities
— Recall

L 1 ) 1 :
Inp] =E, [In Pj]+§ E,.[In|z) |]—§In(27z)—§ E, o (II X - ||§J_1)

J

M
- d : :
E, [In P |=w(a;) —l//(kZ:;‘ a),v(a)= EIn I'(c)....digamma function

P v.+1-i )
E.[In|ZH =) w(- )+ pIn2+In|W. | See Bishop
o [ J ] ; 2 ’ Chapter 10

n 2 . p n T n
£, o (I =2 I )= v O —m W =)

J

Since | o« p; a3
i 44

. 18 v +1-1 P Vi, T N a3

Vi OC|Wj|6Xp{l//(aj)+2;l//( 5 )_Z,Bj_ 5 (X _mj) Wj()_( _mj) J:
L

L

Copyright © 2001-2018 K.R. Pattipati 1TLTLLL]
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Ve 4—| VB Approximation of Gaussian Gammal

4 In VBEM start with large M and very small o, <<1 (=0.001)

O It automatically prunes clusters with very few members (“rich get
richer”)

O In this example, we start with 6 clusters, but only 2 remain at the end

iter 94 iter 94
2 T T T T T T 180 T

160 -
140~
120~

100 -~

80

60 -

40

4 d

2+ 20+ q'a
% -1.r5 i -0.r5 (; 0.r5 i 15 0 1 2 3 4 5 6 < d
4 Jd

mixGaussVbDemoFaithful from Murphy, Page 755 :

L

Copyright © 2001-2018 K.R. Pattipati T LLLTL]
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&

Bayesian Model Selection -1

M = Set of models (e.g., linear, quadratic discriminants)
Model m is specified by parameter vector 8 ; me M

=m?

Q Bayesian Model Selection (max . prob. of model given data)

_ p(D|m)p(m)
S NCIDTO

1 Bayes Factors for Comparing Models m and |
—;mcmn
BF(m,I)é p(Dlm): p(mlD)/(p(m)]_[e }/[p(m))

p(DI)  pd[D) { p() : p(l)

e-zmcu)
BF(m,l) >1= model mis preferred over model |
BIC = Bayesian Information Criterion (usin g negative log likelihood)

kL L

EEfF IO L L

Copyright © 2001-2018 K.R. Pattipati L L LR



[ N N N NSNS

&

Bayesian Model Selection -2

O Bayesian Information Criterion (BIC)... minimize BIC
BIC2-2Inp(D|d,)+dof (8 )InN Schwarz criterion

Valid for regression,classification and density estimation.
For linear and quadratic classifiers
(C +Cp; equal & speherical covaraiance (Note: only (C-1) probabiities)
C +Cp + p -1, equal and spherical feature-dependent covaraiance
C+Cp+ p(p+1)/2-1, equal and general covaraiance
C+Cp+Cp(p+1)/2-1,unequal and general covaraianc

dof (4,,) =1

BIC is closley related to Minimum Description Length (MDL)
Adjusted BIC :InN — In[(N +2) / 24]

O Akaike Information Criterion (AIC) .... Minimize AIC

AIC 2 2In p(D|4.)+2dof (4.)

2dof (6,,)(dof (9,,) +1)
N —dof (4.)-1

kL L

EEfF IO L L

AIC = AIC +

small N &Gaussian
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&

Binary Classification, BIC & AIC -1

a Classz = 0: N(0,1);zero mean ... Null hypothesis, H,

O Classz =1: N (1,1); u=0 .... Alternative hypothesis, H,
N scalar data points: D ={x*,x?,...,X"}

[ N N N NSNS

 Under null hypothesis, sample mean x ~ N(O,%):\/N)_('* N(0,1)
1 Note )_(:)_(—y+,u.
O So, under Hl:m(;_y)~ N (0,2)

If P(\/W | x|>¢)>1—a for a specified c(e.g., c =2 for & =0.05),
we are confident that x = 0 with probability >1-«.
« 1S the probability of faslsely rejecting H,.

= C
So,test statisticis ;| X |> —

JN

kL L

EEfF IO L L
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Binary Classification, BIC & AIC - 2

BIC
BIC2-2Inp(D|8,)+dof ()InN
BIC(HO)=ZN:(xi)

2

BIC(H,) = ZN;(X —i)z +InN = lel(x) ~N (i)2 +InN

2 InN - finN_|sample number-
S0, BIC(H,) <BIC(H,) if (X) >T:>|X|> | dependent threshold

Q AIC A A
AIC =-2In p(D|8,)+ 2.dof (9)

AIC(HO):ZN:(X‘)

2

2

AIC(H,) = ilej(x‘ —i)z 12 :iZN;(xi) ~N(x) +2

S0, AIC(H,) < AIC(H,) if (x)" > ={x|> \/z
N N

kL L

= Similar to classical hypothesis testing;c = J2

EEfF IO L L
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« Holdout Method:
N-K training
N < Typically, K = N/5
K validation

Error Count = R out of K = PE=R/K

[ N N N NSNS

__ [PEQ-PE)
From Binomial Distribution: ~P& K

@ ' { Holdout Method of Cross Validation I

Probability of error,PE = P{ a =z} misclassification rate.

To obtain an estimate of PE within 1%:

4(\/PE(1— PE))2
If PE ~ 0.05, K = T — 40000(PE (1- PE))

When PE = %, we need lots of samples.... 10,000

PE =) P(z=k). PE(z=k)

Copyright © 2001-2018 K.R. Pattipati

001 2\/PE(1£ PE)

=1900

Are there better
bounds?

We can also estimate Class Conditional Error Rate, PE(z=k). Then

kL L
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N 4 { Markov & Chebyshev Inequalities I

Suppose have a nonnegative rv, x (discrete or continuous)
Assume continuous WLOG

Markov Inequality

E(x) = j xf (X)dx = j xf (X)dx + j xf (x)dx >j xf (x)dx>gj f (X)dx = eP(x > &)

E(x)

&

= P(x>¢) <

« Chebyshev inequality

P(x>e) < =X ):> p(x 2 £) < OO
&

2
S0, P(|X—,u|2€)£%

Example : x = sample mean of n numbers, m
2

P(m-ule)<-Z = pMZHls < L
ne o ne

For binary classifier with unknown probability of error P, and sample error, S,
P(1- P) 1
ne’ 4ng

P(S,-P |>g) <=2 n =100, £ = 0.2, bound = 0.0625....loose

2 1)

Copyright © 2001-2018 K.R. Pattipati L L LR
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2O 4= { Hoeffding’s Inequality I

. |

49 Lety =) X.;X. €[a,b];R =b —a

J e Zl: i? € [al I] | aI

a :

[ -2n%s?1) R? ,
n P{lY-E(Y)[>ne}<2e < ;s whenR =b —a =1= P{|Y —E(Y) |2 ng}< 2™
a

LetZ, =X, -E(X,)=E(Z,)=0&Z, e[—i%]

P{lY —E(Y)|=n&}=P{| Zzi > ne}=P{t]| Zzi |>tne} = P{ti Z >tne}+ P{tzn:Zi < -tne}

n n

Yz, Yz,

n z i
P{t) Z,>tne}=P{e™ >e™}<e™E{e™ }...Markov Inequality

n

tZZi A Ly N e e +R /2
e—tng E{e i —tne E{H etZ} e—tng E{H 2 }_ —tngH E{e 2 } a, = - i
i=1 i
“‘81_[ E{ae 2 4(l-a e 2} e‘“‘gH ; [e‘Ri’ ’ +e“Ri’2] Jensen’s inequality
i=1

n n_1 } } / tZZn:RiZ/S—tne] 4 d
So, P{'[Z Zi Ztng}S e—tngH_[etRi 2 o R 2] tngHet RZ/8 _p d'Jd
i=1 i1 2 https /len. W|k|ped|a org/wiki/Hoeffding%27s_lemma 44
< d
_ o n n —2n252/ R? , o
RHS is minimized whent=4ne /> R? = P{| > Z, [> ne} < 2e T =2e7" whenR =1 5
i=1 i=1 »
Copyright © 2001-2018 K.R. Pattipati T1LTLLL]
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N & { Rationale behind Cross Validation I

 Suppose we have classifiers/models M,, M,,...., M
« Training Data, D & Validation Data, V
- Samples are assumed to be i.i.d. P{max |In -1, |> 2}

Average log likelihood I, 2 Vi > Inp(x'|9,) =Pl =1y [> 2}

xi eV

A _ < i P{In—I_|>&}<2Ce
Since @, does not depend onV, E{In}=1_ m-1

By Hoeffding 's inequality P{max |l —I_|> &} < 2Ce

2C
2 In(—>) InC
So,if 2Ce™ =, ¢ = X e [—
2|V | V|

"Confidence («) is cheap, but accuracy (&) is more expensive™

InC
X1
V]
So, with probability of at least (1—«), one chooses the best model.

= maxlm > max|_ —2
m m

Copyright © 2001-2018 K.R. Pattipati L L LR

EEfF IO L L



4 { S-fold Cross Validation I
o
o
19« S-fold Cross validation:
y D, D D
‘ N - 1 2 S
5 7 |
L Runl
N e -
A __IRunS
Tesing N N N R
S S S S is typically 5-10
Validation s N s N s N
S S S
S
PE = %Z > Ia(x)#z) ()= indicator function
s=1 ieDy
«S=N = N-fold cross validation or Leave one-out CV (LOOCV) method
N o
PE=2 1 a(x) % 2):a(x) = f (x,D.) 1
N = an
« Practical Scheme: 5x2 Cross-Validation. Variation: 5 repetitions of 2- ! :
fold cross-validation on a randomized dataset a
Copyright © 2001-2018 K.R. Pattipati LTLLL] :
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Leave one out CV
N=S for S-fold CV

Model Selection

Simple split
D
(N) *
Dtrain
(N - K)
Y \/
'D Dyal
(K)
\/ \/
q E\ral ((f—)

Y Y \
Dl D2 ce DN
N
91 92 - 9N
(X1, }l (x2,92 }l (xn, %-’N)l
€1 €0 Doc en
take at*erage
l
\ \
9 ECV

Regularization and Model Selection

(H, A\p) (H, A\2)
J |
g1 92

Copyright © 2001-2018 K.R. Pattipati

(H, )\3)

(H, M)

J

gm

Hi Ha - Hwm

E Ey, - Ey
— —
pick the best

{?{m‘ ] E:?t‘ )

+
*

Any combination of CV,
Model Selection and
Regularization
(hyper-parameter selection)
Is possible.

See AMLbook.com .

kL L
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@ : { Bootstrap Method of Validation I

Bootstrap Method:

Sample from D with uniform probability (1/N). Each x; is drawn

Independently with replacement
Let b= bootstrap index, b=1,2,...,B
B= number of bootstrap samples (typically 50-200)

Dob=1,2,...B

Bootstrap Sample D, = {X(l) x®

T X(N) }b = I:)Etraining (b)

Validation Data: A = D\ D, = samples not inbootstrap = PE _ (b)

End
PE =0.632* PE

training

(b) +0.368* PE,_, (b)

Copyright © 2001-2018 K.R. Pattipati

Effron Estimator

kL L
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N & { Confusion Matrix I

* Bootstrap Method (cont’d):
Why?

P{observation ¢ bootstrap sample} = (1- %)N —> 1 asN — o
e

= P{observation < validation samples}=0.368
= P{observation e training samples} = 0.632

— PE =0.632*PE,._(b)+0.368*PE,, (b)

training

» Confusion Matrix: P =[R,]
N; . .
= P{decisiona =i|z = j}—N— 1=012,..,C;j=12,..,C
i

In words, just count errors from validation set, bootstrap, etc. for class |
and divide by the number of samples from class |

EEfF IO L L
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No reject option

Contingency table showing the
differences between the true and
predicted classes for a set of
labeled examples

The following metrics can be
derived from the confusion
matrix:
— Py (Sensitivity, Recall):
« TP/(TP+FN)
— Pg (1-Selectivity):
 FP/(TN+FP)
— Positive Prediction Power (Precision)
« TP/(TP+FP)
— Negative Prediction Power
« TN/(TN+FN)
— Correct Classification Rate (CCR)
« (TP+TN)/N
— Misclassification Rate

Om—-0—0mXxT

Performance Metrics for Binary Classification - 1

TRUE
Outcome Fault No-Fault Total
Number of Number of Total
Positive detected number of
. false-alarms -
Detection faults (FP) positive
(TP) detections
Number of Total
: Number of
Negative . correct number of
. missed faults L .
Detection (FN) rejections. negative
(TN) detections
Total Total
Total
number of number of
number of
faulty fault-free
samples
samples samples
Kappa

CCR Z row(i) col(l)

) (FP*:FN)/N When doing this,
— Odds-ratio All four entries should sum to 1

1 Z row(i) CO|(I)

- (TP*TN)/(FP*FN)

Copyright © 2001-2018 K.R. Pattipati

Poor: K< 0.4

Excellent: K> 0.75

CCR = Correct
Classification Rate

P

row(i

Poiy=% entries in column i

Good: 0.4<K<0.75

)=% entries in row |

kL L
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Performance Metrics for Binary Classification - 2

Kappa =

2P1PO(PD B PF)

P+ (P~ P)(RP, + Py
:(PD_PF) ifPl:Po

Copyright © 2001-2018 K.R. Pattipati

)
Aircraft Engine Data
Outcome Fault No-Fault Total
Positive (TP) (FP) number of
Detection positive
detections
Total
Negative 1977 3482 number of
Detecti ti
cwion | (EN) | (TN) | peseve
Total Total Total
number of number of ber of
faulty fault-free ntm |
samples samples samples
d P, =0.605= False Neg. Rate = 0.395
O Pe=0.304 (False Positive Rate )
O Correct Classification Rate = 0.65
O Misclassification Rate = 0.35
O Odds Ratio =3.51
U Kappa = 0.301=Poor

0.605 | 0.304
Normalized
0.395 | 0.696
Metrics

O Positive Prediction Power = 0.666
L Negative Prediction Power = 0.638

O Prevalence = 0.5 (Priors)

Recall(R) =0.605
Precision (P) = 0.666

F score = 2PR =0.634

P+R

P, =R

P- =R(1-P)/P =0.304

kL L
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&

Confusion Matrices for Multiple Classes - 1
Confusion Matrix for C Classes
« One-versus-One * One-versus-All
— Generates C(C-1)/2 — Generates C
confusion matrices confusion matrices

* Clvs. C2 . Clvs. C2 & C3

* Clvs. C3 . C2vs. C1 & C3

+ C2vs. C3 . C3vs.C1 & C2
Summed,
creating a

2X2 matrix

One-versus-One Confusion Matrices

One-versus-All Confusion Matrix

EEfF IO L L
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@ : |Confusion Matrices for Multiple Classes - 2

« Some-versus-Rest

— Generates 2(¢-) - 1 confusion
matrices

— Both true and false classifications
may be sums

— Here is a four class example

C1l vs.C2 & C3 & C4
C2 vs.Cl1l & C3 & C4
Cl&C2 vs. C3 & C4
C3 vs.Cl1& C2 & C4
Cl1&C3 vs.C2 & C4
C2&C3 vs.Cl & C4

Cl&C2&C3 vs. C4

Can form the basis for code book based classifiers
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N 4= [| Cobweb I

« Cobweb

— Illustrates the probability that
each class will be predicted
Incorrectly (the off diagonal cells
of the confusion matrix)

— Shows relative performance
between classes for each
classifier

— High performance classifiers
have poor visibility in cobweb
— May be difficult to interpret for
high numbers of classes
« c(c-1)/2 rays
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N 4 fOther Metrics of Performance Assessment

 Fawcett’s Extension

C
AUCF = Z P(z =1)AUC(i, rest); AUC = Area under the ROC Curve

i=1

[ N N N NSNS

— Sums the areas under the curves for each class versus the rest,
multiplied by the probability of that class

« Hand and Till Function

C(C D ZZ AUC(, j)

i=1 j=1

— Awverages the areas under the curves for each pair of classes

« Macro-Average Modified

MAVG, ., =0. 75(2 P,)+0.25(c H )

— Uses both the geometrlc mean and average correct classification
rate

kL L
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{ Comparing Classifiers I

Comparing Classifiers

Suppose have Classifiers A and B
n,= number of errors made by A but not by B
ng= number of errors made by B but not by A

McNemar’s Test. Check if InA_nBl_lzN(O,l)
n, +ng

Need | n,- Ng|>5 for a significant difference

kL L
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To detect 1% difference in error rates, need at least 500 samples
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http://www.dsic.upv.es/users/elp/cferri/VUS.pdf

(l Summary l

1 Estimating Parameters of Densities From Data
= Maximum Likelihood Methods
= Bayesian Learning

1 Probability Density Estimation
» Histogram Methods
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= Parzen Windows
= Probabilistic Neural Network
= k-nearest Neighbor Approach

 Mixture Models
= Estimate parameters via EM and VBEM algorithm

o |

= Various interpretations of EM 44

o |
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