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Problem 1

() o) = — T’
<md““’ (X)L (x) = () (~X)

900 &~ _ 5(x)o(-x) = o) o)
dx <1+ e )

(iii)Ino(x) = —¢(-x)
c(X)=In(l+exp(x)) = ¢(-x) =In(l+e™) ==Ino(x)
() 52~ ()

c0=In@rexp) =W _ € 1 iy

dx 1+e* 146

Wx ==X -3 € (0,1): x & (o0, 0)

1-o(x)
o(X) _ 1 1+ e e —n o(X) .y
1-o(x) 1+e™* e 1-o(x)

(vi)x =In(exp(c(x)) —1); c(x) € (0,0); x € (—o0, )
@ _1=1+e"-1=¢" = In(es™ -1) = x
o(x) _

o(=x) B

(vi)g(X)—¢(—=x) ==Ino(-x) +Inc(x) =In

c(X)—¢(-x)=In@+e*)-Inl+e ™) =—Ino(-x) +Ino(x) =In——=—
Copyright ©2018 by K. Pattipati
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m Problem1
N
b)i. f(w) = Z(z ~Wx,)P =Y
n=1
N N
V_f _22 (Zn _V_VT Zn))_(n = _zzenxn
n=1 n=1

N
Vif=2>x X >0
n=1

N N
L1 ()= D0z, ~y,)" = 2.¢f where y, = g(w'x,) = —

—WX

1+e =

:_ZZ(Z _yn)yn(l yn)x :_Zzenyn(l_yn)xn

VE £ =23y, (- y)[Ys (- ,) —e, (1= 2y, )] %, X!
n=1
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m Problem 1

b)iii. f (W)= - [z, Iny, + L—2,)In(L—y,)]where y, = g(w' x,) =

WT X

l+e = =

Nz 1-z
=) [ -]y, (@-y,)X,
n=1 1_ yn

n

:_Z[Zn B yn])_(n

n=1

N
:_Zenxn’en =Z,— Y,
n=

N
V\ivf - Z yn(l_ yn))_(n Xn >0
n=1

oYL L
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AcB=AB=A=Bc A= AB=
Xy=xX=1L-x)1-y)=1-x-y+xy=1-y

B

a)P(B=True| A=True)=1= P(B = false| A=True)=0
P(A=False| B =False) =1-P(A=True | B = False)

1 P(B = False| A=True)P(A=True) 1
P(B = False)
b
) B | C_ |P(A=1B,C) | P(A=0|B,C
0 0.10 0.90 P(B=1)=0.65
P(C=1)=0.77
1 0.99 0.01
0 0.80 0.20
1 0.25 0.75
P(B=1|A=0)= P(A=0|B=1)P(B=1) _ P(A=0|B=1P(B=1)
P(A=0) P(A=0|B=1)P(B=1)+P(A=0|B=0)P(B=0)
1
P(A=0| B:l):iP(Azo,mB:l):ZP(A=0| B=1C)P(C|B=1) j
C=0 C=0
a
= i P(A=0|B=1,C)P(C)=0.20*0.23+0.75*0.77 = 0.6235 N
Copyright ©2018 by K. PattipatiC:0 :
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m Problem 2

1
Similarly, P(A=0|B =0)= > P(A=0| B =0,C)P(C) =0.90%0.23+0.01*0.77 = 0.2147

C=0

*
P(B=1|A=0)= 0.623570.65 ~0.8436
0.6235*0.65+0.2147*0.35
P(B=0|A=0)=1-P(B=1| A=0)=0.1564
P(A=0|C =1)P(C =1)

P(A=0|C=1)P(C=1)+P(A=0|C =0)P(C =0)

P(C=1|A=0)=

1
P(A=0|C=1)=> P(A=0|C =1B)P(B) =0.01*0.35+0.75*0.65 = 0.4910
B=0

1
P(A=0|C=0)=Y P(A=0|C =0,B)P(B) = 0.90*0.35+0.20*0.65 = 0.4450

B=0

*
P(C=1|A=0)= 0.491070.77 =0.7870
0.4910*0.77+0.4450*0.23

P(C=0|A=0)=1-P(C =1| A=0) =0.2130

oYL L
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m Problem 2
P(A=1|B=1)P(B=1)
P(A=1|B=1)P(B=1)+P(A=1|B=0)P(B=0)
P(A=1|B=1)=1-P(A=0|B=1)=1-0.6235=0.3765
P(A=1|B=0)=1-P(A=0|B=0)=1-0.2147 =0.7853
0.3765*0.65

P(B=1|A=1)= =0.4710
0.3765*0.65+0.7853*0.35

P(B=0|A=1)=1-P(B=1| A=1)=0.5290
P(A=1|C =1)P(C =1)
P(A=1|C =1)P(C =1)+P(A=1|C =0)P(C =0)
P(A=1|C=1)=1-P(A=0|C =1) =1-0.4910 = 0.5090
P(A=1|C =0)=1-P(A=0|C =0) =1-0.4450 = 0.5550
0.5010*0.77

P(C=1|A=1)= =0.7543
0.5010*0.77 +0.5550*0.23

P(C=0|A=1)=1-P(C =1| A=1)=0.2457

P(B=1|A=1)=

P(C=1|A=1)=

oYL L
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m  Problem 2(c)
Events
Bags:C,,C,
Black Balls:B, B,, B,
White Ball :W

Need : P(B, | B,) and P(W | B))

Know P(C,) =P(C,) =1/2,
P(B[C,)=LP(B|C,)=PW|C;)=1/2

So,P(B 2| Bl) = P(Bz ’Cl | Bl)+ P(Bz ’Cz | Bl)
=P(B 2| Cl’ Bl)P(Cll Bl)+ P(B 2| Czi Bl)P(CZ | Bl)
=1.P(C,|B,)+0.P(C,|B))

P(B,|C)P(C,) _ P(BIC)P(C)

PGB =0 ) P(B)

P(B|C,)P(C)) 1.(1/2) 2

~ P(B|C,)P(C,)+P(B|C,)P(C,) 1.(1/2)+(1/2).A/2) 3

POW [B,) =1-P(B, B) =

Can also get this by drawing a tree of possibilities.

Copyright ©2018 by K. Pattipati
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m  Problem 2(d) A 5
A=TT[05 B )
LA =P~ A~ {O.S} P(A.B) = P(AP(B| A) = f,(A)f, (A B)
A=T le 86F
AR =PEIA- A=F {0 J f_(A) f.(A,B)

Evidence, B=F. Whatis P(A|B=F)?

Treat A as the root.

fo (B=F)=Lu,  (B=T)=0

Hi, a(A) = Z fo (A B) g 1 (B) = 11y ,o(A=T) =01, ,,(A=F)=1

/ufa—>A(A) - P(A) = /ufa_>A(A:T) = O.5;/,lfa_>A(A: F) =05

He a(A=T)uy A (A=T) 0 0
P(AIB=F) =, \(Au, J(A=| """ bh { }: Normalize:{ }
a ty A(A=F)u, (A=F)| |05 1

kL
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m  Problem 2(d)

B=1[0.65 C=1[0.77
hB)=PEB)=g_ 0{0.35} f(C)=PC)=¢ _ 0{0.23}

A=1 A=0

(B,C)=(0,0)[ 0.1 0.9 ]
(B,C)=(0,1)|0.99 0.01
(B,C)=(1,0){0.80 0.20 f,(B) f.(C) f (AB,C)
(B,C)=(11)]0.25 0.75| P(AB,C)=P(B)P(C)P(A|B,C)=f,(B).(C)f,(AB,C)
Evidence, A=0. What is P(B=1| A=0) and P(C =1| A=0)?Make A root.

Leaves — Root

Hi, 5 (B=1)=0.65 4, (B=0)=035

ty c(C=1)=0.77;4, ,.(C=0)=023

Moy, (B=1)=p1; 5(B=1)=0.65 11, (B=0)=p, ,,(B=0)=0.35

Heor, (C=D)=p; . (C=1)=0.77 s, (C=0)=p; ,(C=0)=023

/ufaeA(A) = ZZ fa(A! B! C):“Befa (B)/'ICafa (C)

B=0C=0

FFF O DL L

f (AB,C)=P(A|B,C)=

:ufa—>A(A :1) = ZZ fa (11 B1 C):’“’B—)fa (B)/uc—ﬂa (C)

B=0C=0

= (0.1)(0.35)(0.23) + (0.99)(0.35)(0.77) + (0.80)(0.65)(0.23) + (0.25)(0.65)(0.77) = 0.51958

:Ufa—>A(A = O) = ii fa (0' B! C)/”B—)fa (B)IUC—Ha (C)

B=0C=0

= (0.9)(0.35)(0.23) + (0.01)(0.35)(0.77) + (0.20)(0.65)(0.23) + (0.75)(0.65)(0.77) = 0.48042
Copyright ©2018 by K. Pattipati
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m  Problem 2(d)

B=1|0.65 C=1/0.77
fb(B): ' fc(C):
B=0]|0.35 C=00.23

@

A=1 A=0

(B,C)=(0,0)[ 0.1 0.9 ]
(B,C)=(0,1)|0.99 0.01
(B,C)=(1,0)|0.80 0.20 f,(B) f.(C) f,(AB,C)
(B,C)=(11) | 0.25 0.75]

FFF O DL L

f (AB,C)=P(A|B,C)=

Evidence, A=0. WhatisP(B=1| A=0) and P(C=1| A=0)?
Root — Leaves; Evidence A=0
:uA—n‘a (A:]') = O;zuA—n‘a (A: 0) :1

'ufa—>B(B =)= ZZ f. (A, B1C),UA—>fa (A):uC—>fa (C)= Z fa(O,l,C),Ltc_)fa (©)

A=0C=0 C=0

=(0.2)(0.23) +(0.75)(0.77) = 0.6235

,Ufa»B(B =0)= ZZ fa (A B,C)/JA»fa (A),uc»fa (€)= Z fa(O’O’C)/’lCﬁfa (©)

A=0C=0 C=0

= (0.9)(0.23) + (0.01)(0.77) = 0.2147

Hi s (B=Du, 5(B=1) } B {0.405275} Norm_ilize{o.8436}

P(B|A=0)= =
#i s (B=0)p, 5(B=0)| |0.075145 0.1564

oYL L
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m  Problem 2(d)

B=1|0.65 C=1/0.77
fb(B): ' fc(C):
B=0]|0.35 C=00.23

@

A=1 A=0

(B,C)=(0,0)[ 0.1 0.9 ]
(B,C)=(0,1)|0.99 0.01
(B,C)=(1,0)|0.80 0.20 f,(B) f.(C) f,(AB,C)
(B,C)=(11) | 0.25 0.75]

FFF O DL L

f.(A,B,C)=P(A|B,C) =

Evidence, A=0. WhatisP(B=1| A=0) and P(C=1| A=0)?
Root — Leaves; Evidence A=0
/uA—)fa (Azl) = O;ILlA—>fa (A: 0) :1

:ufa—>C (C :1) = ZZ fa(A’ B1C):uA—>fa (A):UB—Ha (B) = Z fa(o’ B11)/uB—>fa (B)

A=0B=0 B=0

=(0.01)(0.35) +(0.75)(0.65) = 0.491

Hi e (C=0)= ZZ fa (A, B,C):uAﬁfa (A),UB»fa (B) = Z f. (0, B10):uBafa (B)

A=0 B=0 B=0

=(0.90)(0.35) + (0.20)(0.65) = 0.445

Hioe(C=Du; (C=1) } B {0.37807} Nomjize{o.m}

P(C|A=0)= _
:Ufa—>C (C = O):ufc—>c (C = O) 0213

0.10235

oYL L
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m  Problem 2(d)

B=1|0.65 C=1/0.77
fb(B): ' fc(C):
B=0]|0.35 C=00.23

@

A=1 A=0

(B,C)=(0,0)[ 0.1 0.9 ]
(B,C)=(0,1)|0.99 0.01
(B,C)=(1,0)|0.80 0.20 f,(B) f.(C) f,(AB,C)
(B,C)=(11) | 0.25 0.75]

FFF O DL L

f.(A,B,C)=P(A|B,C) =

Evidence, A=0. WhatisP(B=1| A=0) and P(C=1| A=0)?
Root — Leaves; Evidence A=1
/uA—)fa (Azl) :1' zuA—n‘a (A: O) = 0

:ufa—>B(B :1) = ZZ fa(A, B,C):uA—n‘a (A)IUC—>fa (C) = Z fa(]"lic):uC—Ha (C)

A=0C=0 C=0

=(0.8)(0.23) +(0.25)(0.77) = 0.3765

:ufaaB(B =0)= ZZ fa (A, B!C)/’lAafa (A)ILIC—)fa (€)= Z fa(1’07C)ILlC4)fa (9)

A=0C=0 C=0

= (0.1)(0.23) +(0.99)(0.77) = 0.7853

Hi s (B=Du, 5(B=1) } {0.2447} Normanze{o.471o}
= —

P(B|A=1)=
Hi s (B=0)u, 5(B=0)| |0.2749 0.5290

oYL L
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m  Problem 2(d)

B=1[0.65 c=1[0.77
f,(B) =  F.(C) =
B=0[0.35 C=0/0.23

@

A=1 A=0

(B,C)=(0,0)[ 0.1 0.9 ]
(B,C)=(0,1)|0.99 0.01
(B,C)=(1,0)|0.80 0.20 f,(B) f.(C) f,(AB,C)
(B,C)=(11) | 0.25 0.75]

FFF O DL L

f.(A,B,C)=P(A|B,C) =

Evidence, A=0. What is P(B=1| A=0) and P(C=1| A=0)?
Root — Leaves; Evidence A=1
:uA—n‘a (A:]') :1’ luA—>fa (A: 0) = 0

:ufa—>C (C :1) = Zz fa(A’ B’C)lLlA—)fa (A):uB—>fa (B) = Z fa(l’ B1:|')IUB—>fa (B)

A=0B=0 B=0

=(0.99)(0.35) + (0.25)(0.65) = 0.509

M e (C=0)= ZZ fa (A, B’C):uAafa (A),UB»fa (B) = Z f.@ B’O)ﬂsafa (B)

A=0B=0 B=0

=(0.10)(0.35) + (0.80)(0.65) = 0.555
Hi e (C :1),Ufﬁc (C=1
lufa—>C (C = O)IUfC—>C (C = O)

P(C|A=1)=

0.39193 NOT;HZE 0.7543
0.12765 0.2457

oYL L
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f,(B)=P(B)=> {0'5}

m  Problem 2(c)

B=B,|0.5

C,=BI

f,(B,Cy)

f,(B.C,.C,)

P(B,C,,C,)=P(B)P(C,|B)P(C,|B,C) = f,(B) ,(B,C) f,(B,C,,C,)
C,=W C,=Bl C,=W

1 0 1BI[1 0
B=1
fz(Bycl)P(cllE»Bz{; li;fs(s,cl,cz)zsl 01 B C, C,
l2 2 2W([1 0
Iteration 0:C, = Bl,Root =C,
5] 0.5
1uf1—>B(B): 05 ':uB—HZ(B) :lufl—>B(B)luf3—>B(B):luf1—>B(B) = 05
0.5
:uB—>f3(B) = :uf1—>B(B)/Jf2—>B(B) = /uf1—>B(B) = 05
3 Y f.(B) f,(8,C,) f,(B,C,,C,)
2 4| c=8l| 2 .
,Ufﬁcl(q):;fz(Blcl)/JB»fz(B): 1 -1,ucﬁf3(cl):,ufﬁcl(cl) = g ;C, =Bl “LOOp}I”
2 J
z 31a33) |
ﬂf3%C2(C2):;f3(81BIYCZ)ﬂCLA)fS(BI)ILlBA)fS(B): 123 = § d '
42 18 < Jd
2 o
Iterations will stabilize. P(C, |C, = BI) = i’ o
3 L
Copyright ©2018 by K. Pattipati ‘
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m Problem 3

a

Ga(x;a,b) = b x* e ™™:x>0;a>0;b>0

I'(a)
o E(X) = b_ * x2e gy = b F(atl) _ E
I'(a) - r@ b* b
[ E(XZ) _ b 0 Xa+1e—bXdX _ b F(a-|-22) _ a(a:_]_)
F(a) 0 l“(a) ha* b

a(a+l) a* a
b b2 b
e mode(x) = Ga(x;a,b)---1s maximum
oGa(x;a,b) b®
OX I'(a)

eVar(x) = E(x*)-[E(X)]’ =

[(a _1)Xa—ze—bx . bXa—le—bx] _ 0

— (a-1)—bx=0= mode(x):aT_l for a>1

Copyright ©2018 by K. Pattipati
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m Problem 3

Ga(x;a,b) = x* e ™™:x>0;a>0;b>0
I'(a)

e Entropy H(x) = —ija(x;a, b) In[Ga(x;a,b)]dx

*le™ (alnb-InT(a)+(a—1)In x—bx)dx
F(a) (@)+(a-1) )

=-alnb+InT'(a)-(a-1)EJ[Inx]+a

[(a-1) —b]{lix}—(lnr(a)—alnb)

To get E[In X], note G(X; a, b) — ealnb—Inl"(a)+(a—l)Inx—bx —e A(aDb)
E(nx) = 2A@D) _dInT@) \1h wiay—inb: wia)= L") Gigamma function
oa da
(d’InC(a) 1]
2
Aside : E(x) __OAab) _a. scov(In x, x) = da b
_ b b?

so, H(x)=-alnb+InT'(a)-(a-)[¥(a)—Inb]+a=InT"'(a)-(a-D)¥(a)—Inb+a

—a+In( é)j (a-1)¥(a)

Copyright ©2018 by K. Pattipati
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Problem 3
-t

1 b®

1 ©
Approachl:P,(Y <y)=P(—<y)=P (X >>)= x* e ™dx —
) X y' TI'(a) L’y Leibniz’s rule for

differentiating
integrals

CdR(Y<y) bt 1) L, ot by _
)= TEED B[ e B () e e (ia)

e = IG(y:a,b)

a-1
dx b* (1 1
Approach2: f = f (x —|= = | ey _—
pp y(¥) x()Ix:l,yIdyI F(a)(yj v F(a)

e Entropy H (y) = —Jm IG(y;a,b)In[IG(y;a,b)]dy

ab/y b
F(a)-[ y @ (alnb—lnl‘(a)—(a+1)ln y—;}dy

=-alnb+InT(a)+ (a+1)E[In y]+DbE [%j

[-(a+D) 7b][| y} (InC(a)-alnb)

TO get E[In y]’ note IG(y, a, b) — ealnb—lnl"(a)—(a+1)lny—lc)/y —e A(ab)
E(ny)=- aA((;, b) __d '”dl;(a) +Inb=—w(a)+Inb: w(a)=11@)  digamma function
oA(a,b) a
EQ/y)=—"—"2- %
A’y) b 5

so,H(x)=—alnb+InI'(a)—-(a+1)[¥Y(a)—Inb]+a=InT'(a)-(a+1)¥(a)+Inb+a
=a+In[bI'(a)]-(a+1) ¥ (a)

L L L L
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: m Problem4
: Beta(@;a,b) = [(a+b) 0*'(1-6)"";6<[0,1];a>0;b>0
r I'(a)I'(b)
P _ T'(a+b) I 01— 0)d _ I'(a+b) T(@+)rh) a
" T(a)r(b) % " T@r() T(a+b+l) a+b
0%) _ I'(a+b) J~ 0™ (1— 0)*d I'(a+b) I'(a+2)I'(b) a(a+1)
" T(a)[(b) %0 “T(@I(b) T(a+b+2) (a+b)(a+b+1)
. ey - a(a+1) S
Var(0) = E(6°) -[E(0)] ~(a+b)(atb+]) (a+D)
__a ( a+l a j: ab
(a+b)la+b+l a+b) (a+b) (a+b+1)
e mod e(x) = Beta(d;a,b)---is maximum
oBeta(f;a,b) T'(a+b) a—2 b-1 a-1 b—2 4 d
v F( T () [( )9 (1-0) (b-Do"~(1-6)""]1=0 : :
— (a-1)(1-6) - (b-1)0 = 0= mod e(8) = fora>1b>1 o
Copyright ©2018 by K. Pattipati a+ b - 2 ‘
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m Problem4
: _T@+b) jaap oo e : :
Beta(e,a,b)—r(a)r(b)é? 1-60)"";6€<[0,1];a>0;b>0
['(a+b) 2 . b1
H(e):_r(a)l“(b) Ioe 1-6)"*[InC(a+b)-InT(a)-InT(b)+(@a-1)Ind+(b-1)In(l-0)]do

=InT(a)+InT(b) - InT(a+b)—(a—1)E(In §) — (b~ E{In(L— 6)}

Ino
[(a-2) (b-D)] Ln(rl]—e)

Note : Beta(d;a,b) =e

}—[In I'(a)+InT(b)-InT (a+b)]
' A(ap) '

E(ng) = 22@D) _ i) _w@a+b)
E(In(L—-6)) = aAg;, D) _ @) w(a+b)

50, H(6) = InT'(a) + InT(b) = InT(a+b) — (a—1)¥(a) — (b—1) ¥ (b) + (a+b—2)¥(a+b)

‘o¥(a) o¥(a+h)  o¥(a+h)
Aside:cov[Iné,In(1-60)] = oa oa ob ; o¥(a+b) = o¥(a+b) 3
o¥(a+h)  o¥() o¥(a+b) | ab oa 14
. ob ob ob | a3
The same process applies to Dirichlet ditribution o
Copyright ©2018 by K. Pattipati ‘
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m Problem5

KL(pI10)=~[ pOO N T3k =, {00} - H, (0

PO) =N, o):a0) =N(M. ) ey el by =—E{In p(33—H. ()
In p(x) :—%ln(zz)—lna—% £ KL(p|lq)

= KL is not symmetric

(x=m)?

Ing(x) = —% In(27) —Ins—=

2 2 2
:>KL(p||C{)=—Ep{|ng+(X_”2) _(X—rr;) }:mi_l_'_,u +0 22ﬂm+m
s 2 28 o 2 25
2 2 2 2 2
E_1+(ﬂ m)2+0' :E[In Sz +(,Ll 2m) +O-2 —1]
o 2 2S 2 O S S

det(S)
det(X)

Minimum when y = m and S = ¥ = moment matching

=1In

Multivariate case (n vectors): %[In +(p—m)' ST (u—m)+tr(S7E)—n]

kL L

oYL L
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KL(plla) = ~in jzg

+(p—m)" S (p—m)+1tr(S7'E) —n] for Gaussian

L L
Suppose p(x) is sum of Gaussian = p(x) = > ;N (x,%); ) o =L a; 20

i=1 i=1
Want g(x) a Gaussian

KL(PlI ) = Y et E[Indet(S) + (g, ~m)' S (g, —m) +1r(S7%) - n]} +2In(27) ~H, ()
VipKL(plla) =2 &S (g, —m) =0=>m=) o
V. KL(plq) = %Zai[s* ~S M —m)(g, ~m)' S-S E,S 1= 0

L
=S = Z“i [+ (p, —m)(x, —m)"]...M-projection, Moment projection, forward projection
i=1

KL(qg || p) is messy because it involves In of weighted sum of Gaussians! : :
Need to do numerical optimization!..... I-projection, information projection, reverse projection fa &
a

o

Copyright ©2018 by K. Pattipati ‘
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&

Generated using KLfwdReverseMixGauss from Murphy, Page 734

M-projection/Forward projection
Minimize KL(p||g)/Match Moments
(overestimates uncertainty)

|-projection/Reverse projection
Minimize KL(q||p)/Information projection
(too confident: Hit or Miss. Best keep

kL

oYL L

both hypotheses)

Copyright ©2018 by K. Pattipati




FFF O DL L

32

@

Generated using KLpgGauss from Murphy, Page 734. p is correlated
Gaussian and g is uncorrelated Gaussian

1
0.8
0.6%
044 ; »
0.2+
ok
02h
04K A
065 5

0.8 7

r

:
02 04 06 0.8

M-projection/Forward projection

Minimize KL(p||g)/Match Moments
(overestimates uncertainty)

Copyright ©2018 by K. Pattipati

1 et r r r r r r r r
-1 -08 06 -04 -0.2 0 0.2 0.4 0.6 0.8 1

I-projection/Reverse projection
Minimize KL(q||p)/Information
projection

(underestimates uncertainty)

kL
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%Y
m Problem 6
(1/3;x=0,y=0
1/3;x=0,y=1 2/3;x=0 1/3,y=0
X, Y)= X) = and =
Px.¥) = 0;x=1y=0 = p) {1/3;x=1 PEy) {2/3;y=1
11/3;x=1y=1
(1/2;x=0,y=0 (1x=0,y=0
X, 1/2;x=0,y=1 X, 0;x=1y=0
p(ylx):p( y) _. . ;p(xly):p( y) _ | .
p(X) O;x=1y=0 p(y) 1/2;x=0,y=1
| Lx=1ly=1 1/2;x=1y=1

H(x) = —(2/3)log, (2/3) - (1/3)log, (1/3) = 0.9183bits = H (y)

H(y[x)==2,> p(x,y)log,p(y|x)=0.6667bits=H (x| y)

x=0 y=0
1 1 . od o
H(x,y)=->_> p(x,y)log,p(x, y) =1.585bits -
x=0 y=0 o |
(Note: H(y [ x) =H(x,y)—H(x) =1.585-0.9183 = 0.6667) 44
Copyright ©2018 by K. Pattipati :
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o
o
a
J m Problem 6
. 1(x,y) = H(X)— H (x| y) = 0.9183—0.6667 = 0.2516 bits
oy Sh p(x) p(y)
. (or)1(x,y) = KL(p(x, y) | p(x) p(Y)) = —ZZ p(x,y)log, p(X,V)
1 2, 1 4. 1 2 :
- _§|Og2(§) —glogz(g) —§|092(§) =0.2516 bits
Note :H (x,y) = HO)+H(y) = 1(x,y) = H(X[y) + H(y [x) + 1(x, y)
=HX)+H(y/x)=H(y)+H(x]y)
o
-
a
o
Copyright ©2018 by K. Pattipati ‘
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4 lem 7: Consider three Gaussian random variables X, y, z

o 2 2

d /ux O-x ny ze ,le Gx P Xy Gx Gy P Xz Gx O-z

n pP(x,y,2)=N( g, [;| o o, 0, )=N( 4 || Pyo.o, o, £,,0,0, |)

: H z ze Gyz 622 luz P Xz Gx O-z P yz O-y O-z O-zz

‘2 . 1 15T 1 T v-1
Recall 1(X;Y)= E[In |12 [ =In|Z, -2 T Z 1= E[In |12, [=In|Z, -2 S % ]

2

X,y scalars: X =oy;%,, = p,0,0,:Z,, =0,

X~y

= 1(X:Y) =2 {Ino? ~In(o? (L~ p )] =~ In- )

Recall I(X;Y;Z)=I(X;Y)—I(X;Y|Z)=—%In(1—pxzy) —1(X:Y|2)
Now, (XY [Z)=H (X |Z)-H(X|Y,Z)

2

Oy, . Oy,
p(X|Z):N(qu+O_2 (Z—,le),Gf_ 2

O-yz o,

(Z_/uz)

I(XrY |Z) Z%[In(Gf o G%)_In(af _I:O-xy O-xz:lliaj Gy22:| |:ny:| )]

o, O-yz o, Oy,

Copyright ©2018 by K. Pattipati X

p(x|y’z):N(’ux+|:GXy O |:O-y Gy22j| |:(y_luy):|;o-f_|:0'xy ze:||:;'7y O-yzzj| |:O-Xy:|)
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2
o
1 (o - GXZZ)(Gsz2 -0y,
1(X5Y [ Z2)==In——F— :
2 o, (O'XGyO' —O'yZGX —GXyGZ ~c’o +26Xy6yZGXZ)
:lln (1_pxz)(1_pyz)

2 1= Py = Py~ Pt 2Py PaPy

~
deter minant of 3x3 correlation coeff . matrix >0°

(1_pfy)(1_p)fz)(l_p§z)
1_p>fy _pjz _pfz + prypxzpyz

So, I(X;Y;Z):I(X;Y)—I(X;Y|Z):—%In

oYL L
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a m Problem 9

: J(v_v)—ﬁZ(z ~W' X,)’ =%I|z—><v_v||§;z=><v_v+\_/
|

Y (a)vWJ:—xT(z—Xv_v):Q:v_vz(xTX)-le;
|

H
Cr=z-2=2-XW=Xw+v-Xw-Hv=(I,-H)v
1

(ED W)= &z~ XV_VII§}=NE{MT(|N -H)v}

~ B (1, - H) = tracel(, - H)EQW Y] = 0*(0-1)

T T -1y T
(e)ZN+1 N+1 ZN+1 XN+1 (VN+1 N+1(X X) X \_/)

(f)E[(ZN+1 - ZN+1)2] = E[(VN+1 _XN+1(X X)ile\_l)z]
= B[V} 1] 2E[Xy o (X TX) X vy ]+ E[xL+1(><TX)-1><Tvax (xTxrlxM]

-1

=0’ +o’trace{(X" X)X X (XTX) " E[x

:21 p z21£
o1+ P01 Py

oYL L
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m Problem?7
N=20

12 T T T T

3 3 3
Actual w
Approximate w

30 T T T

— Actual w
~— Approximate w

10 * g
20

10

FFF O DL L

1 2 3 4 5 6 7 8 9 10 -2 L L L L = = = L L
o] 1 2 3 4 5 6 7 8 9 10

= i

16 T T T T T T

Actual w
14 ~— Approximate w

Copyright ©2018 by K. Pattipati
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m Problem 10

p(a,0,0) = p(a) (b 2) p(c |b).
KL(@@)p(b] @)l p(a,b|c) = [ [a(a)p(b] a)In X2 PEID) 4o,

p(a,b|c)

Lagrangian: L(q(a), ) = [ [a(@)p(b|a)In G@)POI) 4o 4 47 [a(ayda -1
b p(a,b|c) a

=|,a@na(@+ [ [a@p0la |n%dadb+/l[£ g(a)da-1]

b
Viok=In q(a)+l+jb p(b|a)ln plz;’gi):) db+4=0
p(b]a)p(c) do+1+4=0
p(@)p(dla)p(c|b)

= In%—fb p(b|a)ln p(c|b)db+%+/1+ln p(c2=0

q(a) = p(a)exp[| p(b|a)In p(c|b)db]

p(@)expl[, p(b|a)In p(c|b)db]
| p@)expl] p(bla)In p(c|b)dblda

Copyright ©2018 by K. Pattipati

= In q(a)+jb p(b]a)In

constant indep.of a

s0,9(a) =

L L L L
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m Problem 10

KL(@(@) (bl @) p(a,b|c) = [ [a(a)p(b] a) In I2LLEID) 4o,
] p(@b10)

|o(a)e><|o[jb p(bla)Inp(c|b)db]  pea)f(c,a)
|, p@exp[[ p(bla)in p(c|b)dbda  Z(c)
KL = j j q(a)p(b|a)[ing(a)+In p(b|a)—In p(a,b|c)]dadb

q(a) =

= [a(a)p(b|a)[Ing(a)+In p(b|a)—In p(a,b,c)+In p(c)]dadh

ab

=[[a(a)pbla)lIng(a)+In p(b|a)~In p(a)~In p(b|a)—In p(c|b)+In p(c)ldadb

ab

=[[a(a)p(bla)[Ing(a)~In p(a)+In p(c)—In p(c|b)]dadb

ab

=[ g(a)n 9@ a4 1n p(c) - | a@)| p(bla)inp(c|b)dbda
. p(a)

= q(a)ln%daﬂn p(c)- [ a(@)n f (c.a)da=In pE ;

L L L L
oYL L
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