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 Problem 2
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 Problem 2
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 Problem 2
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 Problem 2(c)
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 Problem 2(d)
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 Problem 2(d)
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 Problem 2(d)
B

1 0

1 0.65 1 0.77
( ) ; ( )

0 0.35 0 0.23

( , ) (0,0) 0.1 0.9

( , ) (0,1) 0.99 0.01
( , , ) ( | , )

( , ) (1,0) 0.80 0.20

( , ) (1,1) 0.25 0.75

b c

A A

a

B C
f B f C

B C
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B C

B C
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 
 

  

C

1 1 1

0 0 0

Evidence, A 0. What is ( 1| 0) and ( 1| 0)?

Root  Leaves; Evidence =0
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( 1) ( , , ) ( ) ( ) (0,1, ) ( )

(0.2)(0.23) (0.75)(0.77) 0.623
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   
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( 1) ( 1) 0.405275 0.8436
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( 0) ( 0) 0.075145 0.
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a b

a b
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   
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 Problem 2(d)
B

1 0

1 0.65 1 0.77
( ) ; ( )

0 0.35 0 0.23

( , ) (0,0) 0.1 0.9

( , ) (0,1) 0.99 0.01
( , , ) ( | , )

( , ) (1,0) 0.80 0.20

( , ) (1,1) 0.25 0.75

b c

A A

a

B C
f B f C

B C

B C

B C
f A B C P A B C

B C

B C

 
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
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  

C
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0 0 0

Evidence, A 0. What is ( 1| 0) and ( 1| 0)?
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( 1) 0; ( 0) 1
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   
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a c

a c

f C a A f B f a B f

A B B

Normalizef C f C

f C f C

C f A B C A B f B B

C C
P C A

C C

   

 

 

   

  

 

 

  

  

    
      

     

 

 
 
 

( )cf C( )bf B

A

( , , )af A B C



Copyright ©2018 by K. Pattipati

15

 Problem 2(d)
B

1 0

1 0.65 1 0.77
( ) ; ( )

0 0.35 0 0.23

( , ) (0,0) 0.1 0.9

( , ) (0,1) 0.99 0.01
( , , ) ( | , )

( , ) (1,0) 0.80 0.20

( , ) (1,1) 0.25 0.75

b c

A A

a

B C
f B f C

B C

B C

B C
f A B C P A B C

B C

B C

 

    
    

    

  
 


  
 
 

  

C

1 1 1

0 0 0

Evidence, A 0. What is ( 1| 0) and ( 1| 0)?

Root  Leaves; Evidence =1

( 1) 1; ( 0) 0

( 1) ( , , ) ( ) ( ) (1,1, ) ( )

(0.8)(0.23) (0.25)(0.77) 0.376

a a

a a a a

A f A f

f B a A f C f a C f

A C C

P B A P C A

A

A A

B f A B C A C f C C

 

   

 

   

  

    



   

  

  

 

1 1 1

0 0 0

5

( 0) ( , , ) ( ) ( ) (1,0, ) ( )

(0.1)(0.23) (0.99)(0.77) 0.7853

( 1) ( 1) 0.2447 0.4710
( | 1)

( 0) ( 0) 0.2749 0.5290

a a a a

a b

a b

f B a A f C f a C f

A C C

Normalizef B f B

f B f B

B f A B C A C f C C

B B
P B A

B B

   

 

 

   

  

 

 

  

  

    
      

     

 

 
 
 

( )cf C( )bf B

A

( , , )af A B C
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 Problem 2(d)

1 0

1 0.65 1 0.77
( ) ; ( )

0 0.35 0 0.23

( , ) (0,0) 0.1 0.9

( , ) (0,1) 0.99 0.01
( , , ) ( | , )

( , ) (1,0) 0.80 0.20

( , ) (1,1) 0.25 0.75

b c

A A

a

B C
f B f C

B C

B C

B C
f A B C P A B C

B C

B C

 

    
    

    

  
 


  
 
 

  

1 1 1

0 0 0

Evidence, A 0. What is ( 1| 0) and ( 1| 0)?

Root  Leaves; Evidence =1

( 1) 1; ( 0) 0

( 1) ( , , ) ( ) ( ) (1, ,1) ( )

(0.99)(0.35) (0.25)(0.65) 0.50

a a

a a a a

A f A f

f C a A f B f a B f

A B B

P B A P C A

A

A A

C f A B C A B f B B

 

   

 

   

  

    



   

  

  

 

1 1 1

0 0 0

9

( 0) ( , , ) ( ) ( ) (1, ,0) ( )

(0.10)(0.35) (0.80)(0.65) 0.555

( 1) ( 1) 0.39193 0.7543
( | 1)

( 0) ( 0) 0.12765 0.24

a a a a

a c

a c

f C a A f B f a B f

A B B

Normalizef C f C

f C f C

C f A B C A B f B B

C C
P C A

C C

   

 

 

   

  

 

 

  

  

    
      

     

 

57

 
 
 

B C

( )cf C( )bf B

A

( , , )af A B C
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 Problem 2(c)

1 2

1 1 2 2

2 1 1 3 1 2

1 2

                                                      

1 1 01 0
1

( , ) ( | ) ; ( , , ) 2 0 11 1
2

2 1 02 2

Iteration 0 : ,

0.5
( ) ; (

0.5
f B B f

C Bl C W C Bl C W

Bl
B

f B C P C B f B C C Bl
B

W

C Bl Root C

B B  

   

  
     

  
    

 

 
  
 

1 3 1

3 1 2 1

1

2 1 2 1 3 2 1

3 2

2

1 2 1 1 1 1 1

1

2 3

0.5
) ( ) ( ) ( )

0.5

0.5
( ) ( ) ( ) ( )

0.5

3
3

4
( ) ( , ) ( ) ; ( ) ( ) ;4

1
0

4

( ) ( ,

f B f B f B

B f f B f B f B

C Bl

f C B f C f f C

B

f C

B B B

B B B B

C f B C B C C C Bl

C f B Bl

  

   

   



  

   



   





 
    

 

 
    

 

 
  
      
  
   





1 3 3

2

2

1

2 1

33 1 3 1
1. . 1. .

44 2 4 2
, ) ( ) ( )

33 1
1. .

84 2

2

3
Iterations will stabilize.  ( | )

1

3

C f B f

B

C Bl B

P C C Bl

  



  
   

    
  
     

 
 

   
 
  



Color C1

1

1

2

0.5
( ) ( )

0.5

B B
f B P B

B B

  
   

  
2 1( , )f B C

3 1 2( , , )f B C C

Bag, B Color C2

1 2 1 2 1 1 2 1 3 1 2( , , ) ( ) ( | ) ( | , ) ( ) ( , ) ( , , )P B C C P B P C B P C B C f B f B C f B C C 

B C1

2 1( , )f B C
1( )f B

C2

3 1 2( , , )f B C C

“Loopy”
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 Problem 3

1

10

2 1

2 20

2
2 2

2 2 2

( ; , ) ; 0; 0; 0
( )

( 1)
( )

( ) ( )

( 2) ( 1)
( )

( ) ( )

( 1)
( ) ( ) [ ( )]

mod ( ) ( ; , ) max

a
a bx

a a
a bx

a

a a
a bx

a

b
Ga x a b x e x a b

a

b b a a
E x x e dx

a a b b

b b a a a
E x x e dx

a a b b

a a a a
Var x E x E x

b b b

e x Ga x a b is imum

G

 







 



   


 
   

 

  
   

 


     

 







2 1( ; , )
[( 1) ] 0

( )

1
( 1) 0 mod ( ) 1

a
a bx a bxa x a b b

a x e bx e
x a

a
a bx e x for a

b

      
 


      
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 Problem 3

 

1

0

1

0

( ; , ) ; 0; 0; 0
( )

( ) ( ; , ) ln[ ( ; , )]

                          = ln ln ( ) ( 1) ln  
( )

                          = - ln ln ( ) ( 1) [ln ]

a
a bx

a
a bx

b
Ga x a b x e x a b

a

Entropy H x Ga x a b Ga x a b dx

b
x e a b a a x bx dx

a

a b a a E x

 




 

   


  

     


    





   
( , )

ln
( 1) ln ( ) ln

ln ln ( ) ( 1)ln[ln ], ( ; , )

( , ) ln ( ) ln ( )
(ln ) ln ( ) ln ;  ( ) ....  

( , )
: ( ) ;c

A a b

x
a b a a b

x
a b a a x bx

a

To get E x note G x a b e e

A a b d a d a
E x b a b a digamma function

a da da

A a b a
Aside E x

b b

 
     

      

  
       




  



2

2

2

ln ( ) 1

ov(ln , )
1

, ( ) ln ln ( ) ( 1)[ ( ) ln ] ln ( ) ( 1) ( ) ln

( )
              = + ln ( 1) ( )

d a

da bx x
a

b b

so H x a b a a a b a a a a b a

a
a a a

b

 
 

  
 
  

               

 
   

 
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 Problem 3

 

 

1

1/

1

1/ /

2

1

/

1/ 2

1
2)

1 1
1: ( ) ( ) ( )

( )

( ) 1 1
( ) ( ; , )

( ) ( )

1 1
2 : ( ) ( ) | | |

( ) ( )

a
a bx

y x x
y

aa a
ay b y b y

y

aa a
b y

y x x y

Y
X

b
Approach P Y y P y P X x e dx

X y a

dP Y y b b
f y e y e IG y a b

dy a y y a

dx b b
Approach f y f x e y

dy a y y a


 



  









     


  
    

  

 
   

  



1 /

0

1 /

0

( ; , )

( ) ( ; , ) ln[ ( ; , )]

                          = ln ln ( ) ( 1) ln  
( )

1
                          = - ln ln ( ) ( 1) [ln ]

a b y

a
a b y

e IG y a b

Entropy H y IG y a b IG y a b dy

b b
y e a b a a y dy

a y

a b a a E y bE
y

 




  



  

 
      
  

 
      

 





   
( , )

ln
( 1) ln ( ) ln

1/
ln ln ( ) ( 1)ln /[ln ], ( ; , )

( , ) ln ( ) ln ( )
(ln ) ln ( ) ln ;  ( ) ....  

( , )
(1/ )

A a b

y
a b a a b

y
a b a a y b yTo get E y note IG y a b e e

A a b d a d a
E y b a b a digamma function

a da da

A a b a
E y

b

 
      

      

  
         




  



, ( ) ln ln ( ) ( 1)[ ( ) ln ] ln ( ) ( 1) ( ) ln

               = ln[ ( )] ( 1) ( )

b

so H x a b a a a b a a a a b a

a b a a a

               

    

Leibniz’s rule for 

differentiating 

integrals
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 Problem 4

1 1

1
1

0

1
2 1 1

0

( )
( ; , ) (1 ) ; [0,1]; 0; 0

( ) ( )

( ) ( ) ( 1) ( )
( ) (1 ) .

( ) ( ) ( ) ( ) ( 1)

( ) ( ) ( 2) ( )
( ) (1 ) .

( ) ( ) ( ) ( ) ( 2)

a b

a b

a b

a b
Beta a b a b

a b

a b a b a b a
E d

a b a b a b a b

a b a b a b
E d

a b a b a b

   

   

   

 



 

 
    
 

      
    

       

      
   

      



  

   

   

 

2
2 2

2

2

2 1 1

( 1)

( 1)

( 1)
( ) ( ) [ ( )]

( 1)

1
             

1 ( 1)

mod ( ) ( ; , ) max

( ; , ) ( )
[ 1 (1 ) ( 1) (1

( ) ( )

a b a

a a

a b a b

a a a
Var E E

a b a b a b

a a a ab

a b a b a b a b a b

e x Beta a b is imum

Beta a b a b
a b

a b

  




  



  




  


    

   

 
   

       

 

  
    

  

2) ] 0

1
( 1)(1 ) ( 1) 0 mod ( ) 1; 1

2

b

a
a b e for a b

a b



  

 


         

 
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 Problem 4

 

1 1

1
1

0

( )
( ; , ) (1 ) ; [0,1]; 0; 0

( ) ( )

( )
( ) (1 ) ln ( ) ln ( ) ln ( ) ( 1) ln ( 1) ln(1 )

( ) ( )

            = ln ( ) ln ( ) ln ( ) ( 1) (ln ) ( 1) {ln(1 )}

a b

a b

a b
Beta a b a b

a b

a b
H a b a b a b d

a b

a b a b a E b E

Not

   

     

 

 



 
    
 

 
              

 

          



 
( , )

ln
( 1) ( 1) [ln ( ) ln ( ) ln ( )]

ln(1 )

: ( ; , )

( , )
(ln ) ( ) ( )

( , )
(ln(1 )) ( ) ( )

, ( ) ln ( ) ln ( ) ln ( ) ( 1) ( ) ( 1)

A a b

a b a b a b

e Beta a b e

A a b
E a a b

a

A a b
E b a b

b

so H a b a b a a b













 
         

 



    




     



            ( ) ( 2) ( )

( ) ( ) ( )

( ) ( )
: cov[ln , ln(1 )] ;

( ) ( ) ( )

b a b a b

a a b a b

a b a ba a b
Aside

a b b a b b a

b b b

 

     

     
        

   
        

    

The same process applies to Dirichlet ditribution
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 Problem 5

2

2

2

2

2 2

2 2

2 2

( )

2

( )

2

2 2 2
( ) ( )

22 2

( )
( || ) ( ) ln{ } {ln ( )} ( )

( )

( ) ( , ); ( ) ( , )

1
ln ( ) ln(2 ) ln

2

1
ln ( ) ln(2 ) ln

2

1 2
( || ) {ln } ln

2 2

ln

p p

x

x m

s

x x m

p s

q x
KL p q p x dx E q x H x

p x

p x N q x N m s

p x

q x s

s m m
KL p q E

s s

s









 

 



   









 

    

 

   

   

  
       





2 2 2 2 2

2 2 2 2

1 1

1 ( ) 1 ( )
[ln 1]

2 2 2

1 det( )
Multivariate case (  vectors): [ln ( ) ( ) ( ) ] 

2 det( )

T

m s m

s s s

S
n m S m tr S n

   



  

  
     

     


Minimum when  = m and S =   moment matching

( || ) {ln ( )} ( )

( || )

 is not symmetric

q qKL q p E p x H x

KL p q

KL

  




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1 1

1 1

1 1

1 det( )
( || )  [ln ( ) ( ) ( ) ] for Gaussian

2 det( )

Suppose ( ) is sum of Gaussian ( ) ( , ); 1; 0

Want ( ) a Gaussian

1
( || ) [ln det( ) ( ) ( ) (

2

T

L L

i i i ii
i i

T

i i i

S
KL p q m S m tr S n

p x p x N

q x

KL p q S m S m tr S

 

   

  

 

 

 

      


    

    

 

1

1

1 1

1 1 1 1 1

1

1

) ]  + ln(2 ) ( )
2

( || ) ( ) 0

1
( || ) [ ( )( ) ] 0

2

[ ( )( ) ] ...M-projection, Moment projection, forwa

L

i p

i

L L

m i ii i
i i

L
T

S i ii i
i

L
T

i i i i
i

n
n H x

KL p q S m m

KL p q S S m m S S S

S m m



   

  

  





 

    





 
   

 

      

       

     



 



 rd projection

( || ) is messy because it involves ln of weighted sum of Gaussians!

Need to do numerical optimization!..... I-projection, information projection, reverse projection

KL q p
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M-projection/Forward projection

Minimize KL(p||q)/Match Moments

(overestimates uncertainty)

I-projection/Reverse projection

Minimize KL(q||p)/Information projection

(too confident: Hit or Miss.  Best keep

both hypotheses)

Generated using KLfwdReverseMixGauss from Murphy, Page 734
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M-projection/Forward projection

Minimize KL(p||q)/Match Moments

(overestimates uncertainty)

I-projection/Reverse projection

Minimize KL(q||p)/Information 

projection

(underestimates uncertainty)
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1

Generated using KLpqGauss from Murphy, Page 734. p is correlated 

Gaussian and q is uncorrelated Gaussian
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 Problem 6

1/ 3; 0, 0

1/ 3; 0, 1 2 / 3; 0 1/ 3; 0
( , ) ( ) ( )

0; 1, 0 1/ 3; 1 2 / 3; 1

1/ 3; 1, 1

1/ 2; 0, 0 1; 0, 0

1/ 2; 0, 1 0;( , ) ( , )
( | ) ; ( | )

0; 1, 0( ) ( )

1; 1, 1

x y

x y x y
p x y p x and p y

x y x y

x y

x y x y

x y xp x y p x y
p y x p x y

x yp x p y

x y

 


    
     

    
  

   


 
   

 
  

2 2

1 1

2

0 0

1 1

2

0 0

1, 0

1/ 2; 0, 1

1/ 2; 1, 1

( ) (2 / 3) log (2 / 3) (1/ 3) log (1/ 3) 0.9183 ( )

( | ) ( , ) log ( | ) 0.6667 ( | )

( , ) ( , ) log ( , ) 1.585

 (Note: ( | ) (

x y

x y

y

x y

x y

H x bits H y

H y x p x y p y x bits H x y

H x y p x y p x y bits

H y x H x

 

 




 


 
  

    

   

  







, ) ( ) 1.585 0.9183 0.6667)y H x   
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 Problem 6

1 1

2

0 0

2 2 2

( , ) ( ) ( | ) 0.9183 0.6667 0.2516

( ) ( )
( ) ( , ) ( ( , ) || ( ) ( )) ( , ) log

( , )

1 2 1 4 1 2
log ( ) log ( ) log ( ) 0.2516

3 3 3 3 3 3

: ( , ) ( ) ( ) ( , ) ( | ) ( | ) (

x y

I x y H x H x y bits

p x p y
or I x y KL p x y p x p y p x y

p x y

bits

Note H x y H x H y I x y H x y H y x I

 

    

  

    

     



, )

                     ( ) ( / ) ( ) ( | )

 

x y

H x H y x H y H x y   
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2 2

2 2

2 2

Problem 7:  Consider three Gaussian random variables , ,

( , , ) ( ; ) ( ;

x x xy xz x x xy x y xz x z

y xy y yz y xy x y y yz y z

z xz yz z z xz x z yz y z z

x y z

p x y z N N

           

           

           

     
     

      
          

1 1

2 2

2 2 2 2

)

1 1
Recall ( ; ) [ln | | ln | |] [ln | | ln | |]   

2 2

, : ; ;

1 1
( ; ) [ln ln( (1 ))] ln(1 ) 

2 2

Recall ( ; ; ) ( ; ) ( ;

T T

xx xx xy yy xy yy yy xy xx xy

xx x xy xy x y yy y

x x xy xy

I X Y

x y scalars

I X Y

I X Y Z I X Y I X

    

   

 







             

     

      

  2

2
2

2 2

1 1
2 2

2

2 2

1
| ) ln(1 ) ( ; | )

2

Now, ( ; | ) ( | ) ( | , )

( | ) ( ( ); )

( )
( | , ) ( ;

( )

xy

xz xz
x z x

z z

xyy yz y yzy

x xy xz x xy xz

xyz z yz zz

Y Z I X Y Z

I X Y Z H X Z H X Y Z

p x z N z

y
p x y z N

z



 
  

 

   
     

   

 

   

 

   

    
                   

1 222
2 2

22

)

1
( ; | ) [ln( ) ln( )]

2

z

xyy yzxz
x x xy xz

xzyz zz x

I X Y Z
 

   
 



 
 
 

   
         

    
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2
2 2 2 2

2

2 2 2 2 2 2 2 2 2 2

2 2

2 2 2

det min 3 3 . 0`

( )( )
1

( ; | )= ln
2 ( 2 )

(1 )(1 )1
               ln

2 1 2

xz
x y z yz

z

z x y z yz x xy z xz y xy yz xz

xz yz

xy yz xz xy xz yz

er ant of x correlation coeff matrix

I X Y Z


   



            

 

     



 

   

 


   

2 2 2

2 2 2

(1 )(1 )(1 )1
So,  ( ; ; ) ( ; ) ( ; | ) ln

2 1 2

xy xz yz

xy yz xz xy xz yz

I X Y Z I X Y I X Y Z
  

     

  
   

   
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 Problem 9

 

2 2

2

1

1

1

2 2

2

1 1
( ) ( ) || || ;

2
ˆ( ) 0 ( )

ˆˆ( ) ( )

ˆˆ( ) ( )

1 1
ˆ ˆ( ) [ ( )] {|| || } { ( ) }

              

N
T

nn

n

T T T

w

T T

H

N

T

N

J w z w x z X w z X w v
N N

a J X z X w w X X X z
N

b z X w X X X X z Xw Hv

c r z z z X w X w v Xw Hv I H v

d E J w E z X w E v I H v
N N







     

     

   

         

   



2

1

1 11 1 1 1

2 1 2

11 1 1

2 1 1

1 11 1

1 1
     { ( ) } [( ) { }] (1 )

ˆˆ( ) ( ( ) )

ˆ( ) [( ) ] [( ( ) ) ]

     [ ] 2 [ ( ) ] [ ( )

T T

N N

T T T T

N NN N N N

T T T

NN N N

T TT T T

N NN N

p
E v I H v trace I H E vv

N N N

e z z z x w v x X X X v

f E z z E v x X X X v

E v E x X X X vv E x X X X





    



  

 

  

     

    

  

  

1

1

1

2
2 2 1 1 2 1

1 1

2 2

( ) ]

      = {( ) ( ) [ ]} {( ) }
1 1

     (1 ) (1 )
1

TT T

N

T
TT T T

N N

vv X X X x

X X
trace X X X X X X E x x trace

N N

p p

N N


  

 







  

 



   
 

   

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 Problem 7
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 Problem 10
( , , ) ( ) ( | ) ( | ).

( ) ( | )
( ( ) ( | ) || ( , | )) ( ) ( | ) ln

( , | )

( ) ( | )
: ( ( ), ) ( ) ( | ) ln [ ( ) 1]

( , | )

( | )
( ) ln ( ) ( ) ( | ) ln

(

a b

a b a

a
a b

p a b c p a p b a p c b

q a p b a
KL q a p b a p a b c q a p b a dadb

p a b c

q a p b a
Lagrangian L q a q a p b a dadb q a da

p a b c

p b a
q a q a q a p b a

p

 





  

 

 

  

  

( )

tan .

[ ( ) 1]
, | )

( | )
ln ( ) 1 ( | ) ln 0

( , | )

( | ) ( )
ln ( ) ( | ) ln 1 0

( ) ( | ) ( | )

( )
ln ( | ) ln ( | ) 1 ln ( ) 0

( )

( ) ( ) ex

a

q a
b

b

b

cons t indep of a

dadb q a da
a b c

p b a
L q a p b a db

p a b c

p b a p c
q a p b a db

p a p b a p c b

q a
p b a p c b db p c

p a

q a p a









 

     

    

     











p[ ( | ) ln ( | ) ]

( ) exp[ ( | ) ln ( | ) ]
, ( )

( ) exp[ ( | ) ln ( | ) ]

b

b

a b

p b a p c b db

p a p b a p c b db
so q a

p a p b a p c b db da






 
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 Problem 10

( ) ( | )
( ( ) ( | ) || ( , | )) ( ) ( | ) ln

( , | )

( ) exp[ ( | ) ln ( | ) ] ( ) ( , )
( )

( )( ) exp[ ( | ) ln ( | ) ]

( ) ( | )[ln ( ) ln ( | ) ln ( , | )]

      = (

a b

b

a b

a b

q a p b a
KL q a p b a p a b c q a p b a dadb

p a b c

p a p b a p c b db p a f c a
q a

Z cp a p b a p c b db da

KL q a p b a q a p b a p a b c dadb

q a



 

  

 



 

 

) ( | )[ln ( ) ln ( | ) ln ( , , ) ln ( )]

      = ( ) ( | )[ln ( ) ln ( | ) ln ( ) ln ( | ) ln ( | ) ln ( )]

      = ( ) ( | )[ln ( ) ln ( ) ln ( ) ln ( | )]

( )
      = ( ) ln

(

a b

a b

a b

p b a q a p b a p a b c p c dadb

q a p b a q a p b a p a p b a p c b p c dadb

q a p b a q a p a p c p c b dadb

q a
q a

p a

  

    

  

 

 

 

ln ( ) ( ) ( | ) ln ( | )
)

( , ) ( )
      = ( ) ln ln ( ) ( ) ln ( , ) ln

( ) ( )

a a b

a a

da p c q a p b a p c b dbda

f c a p c
q a da p c q a f c a da

Z c Z c

 

  

  

 


