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• Problem 1:  For N samples in a p-dimensional feature space, the number of 

possible dichotomies (linearly separable groupings) is computed as follows.
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Consider  points in general position = ( , ,..., )

in a  dimensional space.Let  ( , ) be the number of 

linear dichotomies ( , ) of .  Suppose, we add a 

new point  such that the set of ( 1
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) points is in a general 

position.  Now some of the general dichotomies pass through .

Let  be the number of linear dichotomies that pass through .

For each of these dichotomies, there will be 
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two new dichotomies 

( , ) ( , ) by infinitismally perturbing the

hyperplane passing through . Thus, there are 2  linear dichotomies.

For each of the remaining ( , )  dichotomies, eit
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( , ) or ( , ) is separable.  Thus, 
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Each line gives two dichotomies. The 

Classes can be on either side (1,2) or 

(2,1). Number of possible dichotomies: 

14 = 2(1+3+3)
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• Problem 1:
1

0

Since a hyperplane passing through  has dimension ( -1), ( , 1).

, ( 1, ) ( , ) ( , 1)

If 1,  (1, )=2; ( ,0) 0
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( , ) 2 ( ) 2[1 ( 1) ( 1)( 2) / 2 .... ( )]
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..... see Lathi, pp.498
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 Binomial distribution with ( -1) flips resulting in  or fewer heads.
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• Problem 1:  Patterns of 4 points in 2 D

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

               

               

               

               

Not linearly separable

2 out of 16 are not linearly separable  7/8 are linearly separable

Good way to visualize
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• Problem 2
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• Problem 3

• Problem 3

2
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• Problem 4

1 2

1 2
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when   simplifies to (5.21).
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• Problem 5

1 2
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• Problem 6

2 2

1 1
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 Problem 6

2

2
1 1 1
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 Problem 6

2

2
1 1 1
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iterate

You could also just do 

a gradient step for M-step
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Diagnostic Tree – Example (Problem 6)

Z=1 Z=0

1100 1100

0000 1111

1010 1110

0011 0111

Patterns with binary 

valued attributes 1 1

2 2

3

( ) (1/ 2) 1; ( )

( | ) (5 / 8) (2 / 5) (3 / 8) (2 / 3) 0.9512 ( , ) 0.0488

( | ) (5 / 8) (1/ 5) (3 / 8) (0) 0.4512 ( , ) 0.5488

( | ) (5 / 8) (2 / 5) (3 / 8) (2 / 3) 0.

    b b

b b

b b

b b

H z H H p Binary entropy with probability p

H z T H H IG z T

H z T H H IG z T

H z T H H

  

    

    

   3

4 4

2

2

9512 ( , ) 0.0488

( | ) (3 / 8) (1/ 3) (5 / 8) (3 / 5) 0.9512 ( , ) 0.0488

0 1

  

b b

IG z T

H z T H H IG z T

Select Test T

T z

 

    

  

2 1,when T the reduced cases are

Z=1 Z=0

1100 1100

1111

1110

0111

1

1 1 1 1

1 3 1 3

1 4 1 4

3

( ) (1/ 5) 0.7219

( | ) (4 / 5) (1/ 4) (1/ 5) (0) 0.6490 ( , ) 0.0729

( | ) (3 / 5) (1) (2 / 5) (1/ 2) 0.40 ( , ) 0.3219

( | ) (2 / 5) (1) (3 / 5) (1/ 3) 0.5510 ( , ) 0.1709

  

b

b b

b b

b b

H z H

H z T H H IG z T

H z T H H IG z T

H z T H H IG z T

Select Test T

 

    

    

    

3

3

1 0

0 0 1

T z

T z or z

  

   

Z=1 Z=0

1100 1100
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Diagnostic Tree – Example (Problem 6)

Alternate Way of Computing IG

Z=1 Z=0

1100 1100

0000 1111

1010 1110

0011 0111

Patterns with binary 

valued attributes 

1 2 3

1 1

2 2

3 3

( ) ( ) ( ) (5 / 8) (3 / 8) 0.9544;

( | ) (1/ 2) (1/ 2) (1/ 2) (3 / 4) 0.9056 ( , ) 0.0488

( | ) (1/ 2) (1/ 4) (1/ 2) (1) 0.4056 ( , ) 0.5488

( | ) (1/ 2) (1/ 2) (1/ 2) (3 / 4) 0.9056 ( , )

b b

b b

b b

b b

H T H T H T H H

H T z H H IG z T

H T z H H IG z T

H T z H H IG z T

    

    

    

   

4 4

2

2

0.0488

( | ) (1/ 2) (1/ 4) (1/ 2) (1/ 2) 0.9056 ( , ) 0.0488

0 1

  

b bH T z H H IG z T

Select Test T

T z



    

  

2 1,when T the reduced cases are

Z=1 Z=0

1100 1100

1111

1110

0111

1 2

3 4

1 1 1 1

3 1 1 3

4 1

( ) (4 / 5) 0.7219; ( ) 0( );

( ) ( ) (3 / 5) 0.9709

( | ) (1/ 5) (1) (4 / 5) (3 / 4) 0.6490 ( , ) 0.0729

( | ) (1/ 5) (1) (4 / 5) (3 / 4) 0.6490 ( , ) 0.3219

( | ) (1/ 5) (1) (

b

b

b b

b b

b

H T H H T as it should

H T H T H

H T z H H IG z T

H T z H H IG z T

H T z H

  

  

    

    

  1 4

3

3

3

4 / 5) (1/ 2) 0.80 ( , ) 0.1709

1 0

0 0 1

  

bH IG z T

Select Test T

T z

T z or z

  

  

   

Z=1 Z=0

1100 1100



Copyright ©2018 by K. Pattipati

Diagnostic Tree – Example (Problem 6)

T2

z =1
T3

0 1

z =1 or z= 0
z =0

1
0

• Same tree for part b.

• Rules: 

• For part c, make decision z= 1 at ambiguity node.  So, Rules are 

2 32

32 3 2

1: ( 1/ 2)

0 : ( 1/ 2)

z T T T wp

z T T T T wp

 

 

2 32

2 3

1:

0 :

z T T T

z T T

 



T2

z =1
T3

0 1

z =1 z =0

1
0
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Problem 7.a

Z=1 Z=0

1A 0A

0E 0C

0B 1C

1B 0F

1F 0B

0D 1D

Patterns

1 1

2

( ) (1/ 2) 1; ( )

( | ) (5 /12) (3 / 5) (7 /12) (3 / 7) 0.4046 0.5747 0.9793 ( , ) 0.0207

( | ) (1/ 6) (1/ 2) (1/ 4) (2 / 3) (1/ 6) (1) (1/ 6) (1/ 2) (1/12) (1) (1/ 6

    b b

b b

b b b b b

H z H H p Binary entropy with probability p

H z T H H IG z T

H z T H H H H H

  

      

     

2

2 1

) (1/ 2)

0.7296 ( , ) 0.2704

.

             

   

bH

IG z T

Select Test T and then T as needed

  

T2

A

T1

z=0 z=1

B

T1

0
1

1

z=1

or z=0

0

z=1

z=0

C

T1

0

z=0

1

D

z=1

E

T1

F

z=0

0

z=1

1



Copyright ©2018 by K. Pattipati

Problem 7.a (Another way of computing IG)

Z=1 Z=0

1A 0A

0E 0C

0B 1C

1B 0F

1F 0B

0D 1D

Patterns

1

2 2 2 2

2 2 2

1 1

( ) (5 /12) 0.9799

( ) [(1/ 6) log (1/ 6) (1/ 4) log (1/ 4) (1/ 6) log (1/ 6)

(1/ 6) log (1/ 6) (1/12) log (1/12) (1/ 6) log (1/ 6)] 2.5221

( | ) (1/ 2) (1/ 2) (1/ 2) (1/ 3) 0.9592 ( , ) 0.020

                 

b

b b

H T H

H T

H T z H H IG z T

 

   

   

    

2 2 2 2 2

2

2 1

7

( | ) (1/ 2)[(4 / 6) log (1/ 6) (1/ 3) log (1/ 3)] (1/ 2)[(4 / 6) log (1/ 6) (1/ 3) log (1/ 3)]

2.2517 ( , ) 0.2704

.

             

   

H T z

IG z T

Select Test T and then T as needed

    

  

T2

A

T1

z=0 z=1

B

T1

0
1

1

z=1

or z=0

0

z=1

z=0

C

T1

0

z=0

1

D

z=1

E

T1

F

z=0

0

z=1

1
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Problem 7.b

Z=1 Z=0

1A 0A

0E 0C

0B 1C

1B 0F

1F 0B

0D 1D

Patterns

2 2

1 1

2

( ) 1 (1 ) 2 (1 )

( ) 1/ 2

( | ) (5 /12) (3 / 5) (7 /12) (3 / 7) 0.4857 ( , ) 0.0143

( | ) (1/ 6) (1/ 2) (1/ 4) (2 / 3) (1/ 6) (1) (1/ 6) (1/ 2) (1/12) (1) (1/ 6) (1/ 2)

0.3611             

b

b b

b b b b b b

Let G p p p p p

Gini z

G z T G G G z T

G z T G G G G G G

I

     



    

     

  2

2 1

( , ) 0.1389

.   

G z T

Select Test T and then T as needed

Same Tree as IG



T2

A

T1

z=0 z=1

B

T1

0
1

1

z=1

or z=0

0

z=1

z=0

C

T1

0

z=0

1

D

z=1

E

T1

F

z=0

0

z=1

1
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Attribute/

Sample

1 2 3 Class

1 1 1 1 1

2 1 0 0 1

3 1 1 0 0

4 0 0 1 0

Optimal strategy: a2 followed by a3 for both outcomes.

Problem 8

a2

a3

0
1

z =0
z =1

1
0

z =1

a3
0

z =0

1

Rule: a2 = a3  z =1;

else z=0
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Problem 8

1 1

2 2

3 3

( ) (1/ 2) 1; ( )

( | ) (3 / 4) (2 / 3) (1/ 4) (1) 0.6887 ( , ) 0.3113

( | ) (1/ 2) (1/ 2) (1/ 2) (1/ 2) 1 ( , ) 0.

( | ) (1/ 2) (1/ 2) (1/ 2) (1/ 2) 1 ( , )

    b b

b b

b b

b b

H z H H p Binary entropy with probability p

H z a H H IG z a

H z a H H IG z a

H z a H H IG z a

  

    

    

    

1 1 1

1

1 2 1 2

1 3 1 3

0.

; 0 0; 1 1 3.

( ) (2 / 3) 0.9183

( | ) (2 / 3) (1/ 2) (1/ 3) (1) 2 / 3 ( , ) 0.2516

( | ) (1/ 3) (1) (2 / 3) (1/ 2) 2 / 3 ( , ) 0.2516

   

b

b b

b b

Select attribute a first a z a need to split samples

H z H

H z a H H IG z a

H z a H H IG z a

Select attr

     

 

    

    

2 2 2 3; 0 1; 1 1& 3. . ibute a a z a need to split samples Select attribute a to split them    

a1

a2

0 1

z =1

10

z =1

0

z =0

a3

z =0

1

Attribute/

Sample

1 2 3 Class

1 1 1 1 1

2 1 0 0 1

3 1 1 0 0

4 0 0 1 0

Depth = 3
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Problem 8 (Another way of computing IG)

1 2 3

1 1

2 2

3 3

( ) (3 / 4) 0.8113; ( ) ( ) (1/ 2) 1

( | ) (1/ 2) (1) (1/ 2) (1/ 2) 0.5 ( , ) 0.3113

( | ) (1/ 2) (1/ 2) (1/ 2) (1/ 2) 1 ( , ) 0.

( | ) (1/ 2) (1/ 2) (1/ 2) (1/ 2) 1 ( , ) 0.

 

b b

b b

b b

b b

H a H H a H a H

H a z H H IG z a

H a z H H IG z a

H z a H H IG z a

Select attrib

    

    

    

    

1 1 1

1 2 3

2 1 1 2

3 1 1 3

; 0 0; 1 1 3.

( ) 0; ( ) ( ) (2 / 3) 0.9183

( | ) (2 / 3) (1/ 2) (1/ 3) (1) 2 / 3 ( , ) 0.2516

( | ) (1/ 3) (1) (2 / 3) (1/ 2) 2 / 3 ( , ) 0.2516

  

b

b b

b b

ute a first a z a need to split samples

H a H a H a H

H a z H H IG z a

H a z H H IG z a

Select attri

     

   

    

    

2 2 2 3; 0 1; 1 1& 3. . bute a a z a need to split samples Select attribute a to split them    

a1

a2

0 1

z =1

10

z =1

0

z =0

a3

z =0

1

Attribute/

Sample

1 2 3 Class

1 1 1 1 1

2 1 0 0 1

3 1 1 0 0

4 0 0 1 0

Depth = 3


